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Abstract. We study wave functions and their nodal patterns in Andreev billiards
consisting of a normal-conducting (N) ballistic quantum dot in contact with a
superconductor (S). The bound states in such systems feature an electron and a
hole component which are coherently coupled by the scattering of electrons into
holes at the S-N interface. The wave function “lives” therefore on two sheets of
configuration space, each of which features, in general, distinct nodal patterns.
By comparing the wave functions and their nodal patterns for holes and electrons
detailed tests of semiclassical predictions become possible. One semiclassical the-
ory based on ideal Andreev retroreflection predicts the electron- and hole eigen-
states to perfectly mirror each other. We probe the limitations of validity of this
model both in terms of the spectral density of the eigenstates and the shape of the
wavefunctions in the electron and hole sheet. We identify cases where the Chladni
figures for the electrons and holes drastically differ from each other and explain
these discrepancies by limitations of the retroreflection picture.

1 Introduction

When Ernst Chladni first studied the formation of nodal patterns of standing waves two hundred
years ago, the tools available to him where macroscopic objects like grains of sand on vibrating
metal plates, and the underlying waves where acoustic waves. Electromagnetic waves were
unequivocally established by Maxwell, Hertz, and others in the second half of the nineteenth
century. In the beginnings of the twentieth century, de Broglie, and Schrödinger added matter
waves within the framework of quantum mechanics to the list of wave-like phenomena. One
immediate consequence of the ubiquity of wave-like behaviour of nature is the ubiquity of
Chladni figures in a remarkably diverse array of physical phenomena and on very different length
scales ranging from the macroscopic to the microscopic. In turn, the study of Chladni figures
two hundred years after their first observation can still provide information on the underlying
physical systems, for example on quantum dynamics and its semi-classical or short-wave limit.
We focus in the following on Chladni figures in microstructures which are the result of

the wave-like behavior of the electronic dynamics and the presence of a superconducting
interface. Technical advances in semiconductor science has made it possible to construct effec-
tively two-dimensional micro- and nanodevices within which the electron propagation becomes
phase coherent at sufficiently low temperatures [1]. Transport through such open “quantum
billiards” featuring ballistic motion has become the focus of intensive research interest, both
experimental [2,3] and theoretical [4–6]. When the opening is replaced by a superconducting
interface, the ballistic motion turns into bounded motion of an Andreev Billiard. As discovered
by Andreev in 1964, the interface between a ballistic semiconductor (N) and a superconducting
metal (S) gives rise to the coherent scattering of electrons into holes [7]. Eigenstates of Andreev
billiards thus feature an electron and a hole component coupled at the superconducting inter-
face. Such a closed quantum billiard features a coupled two-sheeted configuration space, one
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sheet representing the motion of the electron, the other the motion of the hole. This two-sheeted
configuration space translates into two coupled standing-wave patterns with their concomitant
nodal lines or Chladni figures. In the present comunication we briefly discuss what can be
learned from the nodal patterns of electron and hole components for the quantum dynamics of
Andreev billiards and its semiclassical limit. The proverbial question referring to the acoustic
analogue to billiards, “can you hear the shape of a drum”, i.e. what are spectral signatures
of the shape of the Dirichlet boundary, can be posed for the present system in different ways.
“What are the spectral impacts of Andreev reflection at the S-N boundary?” or more provoca-
tively, “Can you see Andreev reflection trajectories in the nodal patterns of the electron and
hole wave?” We connect the nodal patterns found in the eigenstates of Andreev billiards to the
periodic orbits predicted by semiclassical theory. We find that the similarity between electron
and hole components of the eigenstates gives us a quantitative measure for the validity of a
semiclassical Bohr-Sommerfeld approximation and its failure.
We investigate two distinct geometries: (i) the half-circle billiard, which features regular

dynamics, and (ii) the mushroom billiard, whose counterpart with only Dirichlet boundary
conditions features one regular island in a chaotic sea. Using the modular recursive Green’s
function method (MRGM) [8,9] we calculate numerically not only the eigenenergies but also the
corresponding quantum mechanical eigenstates of Andreev billiards. The analysis of the nodal
patterns provides us with a direct quantitative measure for the degree of quantum-classical
correspondence.
This report is organized as follows: In section 2, we briefly introduce the physics of Andreev

reflection and methods for the quantum and semiclassical description of Andreev billiards. In
section 3, we present results for eigenstates, in particular for the nodal patterns in the electron
and hole wavefunctions. A short summary and outlook is given in section 4.

2 Andreev billiards

2.1 Andreev reflection

The dispersion relation of an electron moving through a ballistic, normal conducting quantum
dot is, in good approximation, a parabola [see Fig. 1(a)]. Thus, the electron can be treated
as quasi-free particle with an effective mass meff determined by the curvature of the parabola
at the Γ point (k = 0). The dispersion relation of a superconductor, on the other hand [see
Fig. 1(b)], looks quite different [10]: A band gap of size 2∆ opens at the Fermi energy described
by the theory of Bardeen, Cooper and Schrieffer (BCS) in terms of the formation of a condensate
of paired electrons, so-called Cooper pairs, with binding energy of ≈ ∆, which represent the
new ground state.
Consider an electron moving through a normal metal with a small excitation energy

ε < ∆ above the Fermi energy EF [within the shaded area in Fig. 1(a)]. Once the particle
hits a superconducting boundary, it is prohibited from entering the superconductor as a sin-
gle electron, as there is no single electron state in the superconductor [see the shaded area in
Fig. 1(b)]. However, the electron can enter the BCS ground state by forming a Cooper pair [11].
As a consequence, a second electron is taken from the energy EF− ε, creating a Cooper pair at
the Fermi energy. This process leaves a hole in the Fermi sea, which is reflected back into the
normal conductor. Under the assumption of the absence of other perturbing degrees of free-
dom (e.g. phonons) this process is phase coherent, i.e. there is a one-to-one relation between the
phase of the electron and the Andreev reflected hole. Moreover, in contrast to specular reflection
at an insulating boundary [see Fig. 1(c)], the hole is retroreflected back into the direction of the
incident electron due to momentum conservation rather than specular reflected [see Fig. 1(d)].

2.2 Classical dynamics: The role of periodic orbits

The classical picture of retroreflection at the S-N boundary combined with electron-hole con-
version has far-reaching consequences for the classical dynamics. Assuming exact, i.e. energy
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Fig. 1. (a) Dispersion of a normal metal. Solid line: electron, dashed line: hole. In the absence of
any interaction electron and hole lines cross. (b) Dispersion in the presence of the gap ∆ in the
superconductor near the Fermi edge. (c) Normal specular reflection of the electron at the interface
described by Dirichlet boundary conditions. (d) Andreev retroreflection: electron-hole scattering at the
S-N interface.

independent retroreflection, every trajectory in a closed billiard geometry with a single S-N
interface at its boundary [see Fig. 2(c)] becomes periodic in the extended phase space of elec-
tron (re,ke) and hole (rh,kh). After two successive Andreev reflections the trajectory closes
on itself. Unlike normal billiards, where the set of periodic orbits is of measure zero, they form
continuous manifolds which, generally, fill the energy hypersurface, with exception of subsets
of trajectories which do not touch the S-N interface. Moreover, a billiard featuring chaos for an
entirely normal-conducting boundary is converted into a regular system governed by periodic
motion when replacing part of its boundary by a superconductor.

A further consequence of retroreflection involves classical-quantum correspondence. To the
extent that classical orbits provide, indeed, the skeleton of quantum wavefunctions the wave-
function for the electron should exactly mirror that of the hole, i.e. the two sheets of the
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Fig. 2. (a) Regular half-circle billiard with radius R consisting of a superconducting (S) lead connected
to a normal-conducting (N) half-circle (superconducting area is shaded). (b) Mushroom billiard, the
lead becomes superconducting after a distance R. (c) Periodic orbit created by two subsequent Andreev
reflections. The path is traversed by the electron in one direction, and by the hole in the other.
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wavefunction should be identical. The reason is that the classical trajectories in the electron
and hole coordinates should have identical topologies and weights.
The assumption of exactly retracing electron-hole orbits (henceforth called the retracing

approximation) provides a simple, yet reasonably accurate semiclassical description of Andreev
billiards. Quantum mechanically, however, the (albeit small) energy difference between electron
and hole will, in general, break the exact correspondence between electron and hole. Moreover,
non-deterministic quantum mechanical effects such as quantum diffraction will lead to different
nodal patterns for electron and hole. Turning the argument around, a disagreement between
electron and hole wavefunction directly reveals quantum mechanical effects beyond the simple
semiclassical approximation. By comparing the Chladni figures of electron and hole components
of Andreev eigenstates, the validity of the retracing approximation can thus be directly assessed.

2.3 Model system

We consider quantum billiards for which the wavelength of electrons (or holes) is smaller
but not neglegibly small compared to the system size. The wave equation used to model a
superconductor-normal conductor hybrid system is the Bogolioubov-de Gennes (BdG) equa-
tion, a two-component extension of the Schrödinger equation(

H0 ∆
∆∗ −H∗0

)(
u(x)
v(x)

)
= ε

(
u(x)
v(x)

)
. (1)

H0 = p2/(2meff) + V (r) − EF is the single particle Hamiltonian. u (v) is the electron (hole)
quasiparticle wavefunction, ε the excitation energy of the electron (hole) above (below) the
Fermi energy EF . Because we want to investigate the bound states of a closed Andreev billiard,
we consider an energy range 0 ≤ ε ≤ ∆, for which no propagating solutions of (1) in the
superconducting region exist.
We investigate two distinct geometries, featuring both regular and chaotic motion in the

absence of an S-N interface. A half-circular, ballistic normal conducting quantum dot of radius
R is attached at the straight side either to (i) a superconducting waveguide of width 2R,
creating a half-circle billiard [see Fig. 2(a)], or (ii) to a waveguide of width R, which becomes
superconducting after a distance R, creating a mushroom billiard [see Fig. 2(b)]. While the
dynamics of the half-circle billiard is regular, the mushroom features mixed dynamics with
exactly one regular island in the phase space of orbits contained in configuration space in the
hat of the mushroom. As the superconductor is located at the base of the mushroom, only
orbits outside this island, i.e. in the chaotic sea, visit the S-N interface and get converted into
Andreev orbits.
As we consider only one superconducting lead, we can choose the superconducting gap

parameter ∆ to be real. We assume that the superconducting coherence length ξ is small
compared to any other scale of the system, in particular the wavelength and the size of the
rectangular cavity, in order to use a step function model [12] for ∆ = |∆0| θ(xSN − x). Our
coordinate system is chosen such that the S-N interface is located at xSN = 0. For simplicity,
we assume equal effective masses inside the S and N regions, required for an ideal interface
between normal and superconductor. As a consequence, the probability for Andreev reflection
in the energy range we consider is of order unity, up to corrections of order (∆/EF)

2[11].

2.4 Numerical technique

We will give a short summary of the numerical techniques used to solve the BdG equation (1).
A more detailed discussion can be found in Ref. [13].
In a first step, we calculate the scattering matrix S(ε) of the open N cavity with the

superconducting lead replaced by a normal conducting one. As this problem does not involve
a superconductor, it can be treated using well-established techniques for conventional, ballis-
tic quantum billiards. We use the modular recursive Green’s function method (MRGM) [8,9].
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This method employs a tight binding grid discretization using symmetry-adapted coordinates
(e.g. both cartesian and polar coordinates depending on the boundary) to assemble the Green’s
function of the structure. Both the scattering matrix S and the wavefunction ψN can then be
calculated out of the Green’s function.
Using the S(ε) matrix, one can expand the wavefunction ψN (x) as a superposition of

incoming and outgoing transverse eigenstates χn(y) =
√
2/W sin(ynπ/W ) of the half-infinite

waveguide as

ψN =
∑
n,m

(
[e+ik

e
nx + e−ik

e
nxSnm(+ε)]c

e
n

[e−ik
h
nx + e+ik

h
nxSnm(−ε)]chm

)
χn(y) (2)

with ke,hn =
√
2(EF ± ε)− k2ny, kyn = nπ/W . In the S region, a similar expansion of ψS(x) in

terms of the analytic solutions of the BdG equation

ψS =
∑
n

[(
eiγ

1

)
b−n e

−iqnx +
(
e−iγ
1

)
b+n e

iqnx

]
χn(y), (3)

with q± =
√
2(EF ∓ i

√
∆2 − ε2)− k2yn, and γ = arccos ε∆ , is possible.

In the second step, we perform a wave function matching between the wavefunctions ψS =
(uS , vS) and ψN = (uN , vN ) in the S and N region of the S-N interface, i.e. at xSN [14]. Matching
conditions of the form

ψN (xSN ) = ψS(xSN ), ∂xψS(x)|x=xSN = ∂xψN (x)|x=xSN (4)

result in a set of linear equations. Eigenstates of the Andreev billiard can then be found by
searching for zeros of the spectral determinant as a function of ε [14]. The present full quantum
solution does not rely on any of the frequently involved approximations for Andreev systems
such as the smallness of the gap ∆� EF. It can therefore serve as benchmark for semiclassical
approximations.

3 Chladni figures

3.1 Half-circle billiard

We are now ready to take a look at the Chladni figures created by electron and hole excitations
inside an Andreev billiard. If the picture of Andreev reflections is valid [Fig. 1(d)], we would
expect a clear correspondence between electron and hole wavefunction due to the coupling at
the S-N interface.
The eigenstates found in the regular half-circle billiard, indeed, fulfill these expectations

featuring a near-perfect match between electron and hole eigenstate (see Fig. 3). We compare the
nodal patterns of electron and hole for all eigenstates, and find very good agreement. Moreover,
we observe a strong localization of the nodal patterns on a larger length scale. The wavefunction
displays a marked density enhancement along bundles of semiclassical periodic orbits (shown
in the insets of Fig. 3)[15]. A similar phenomenon recently found in pseudointegrable normal
billiards was called superscarring [16]. The coarse-grained density is enhanced along bundles
of periodic Andreev orbits corresponding to different orbit lengths l [see the insets in Fig. 3
(a–c)]. States with lower eigenenergy ε are associated with longer orbits. This observation
can be understood by considering a Bohr-Sommerfeld quantization of periodic Andreev orbits
discussed below.

3.2 Semiclassical description

The nodal patterns displayed in Fig. 3 can give direct insights into the process of the
Bohr-Sommerfeld periodic orbit quantization. The total phase accumulated when traversing a
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Fig. 3. (a)–(c) Density of electron and hole eigenfunctions |ψ|2 of the half-circular Andreev billiard for
three different excitation energies ε = 0.736∆(a), 0.747∆(b), and 0.836∆(c). Red (white) corresponds
to highest amplitude, black to lowest. The Fermi energy EF = (21.5π)

2/2, ∆ = 0.02EF. Both the
similarity between electron and hole wavefunction and the enhancement along bundles of semiclassical
orbits can be seen. (d) shows a cut through the electron (green, solid line) and hole (blue, dashed line)
probability density depicted in (c) along the classical orbit shown in the inset.

periodic orbit should be an integer multiple of 2π. In contrast to a conventional one-component
eigenstate, both the electron and hole part of the trajectory must be included. The phase the
electron accumulates while traversing the billiard is subtracted from that of the hole retracing
it carrying the opposite sign. However, due to the slight mismatch in energies (EF + ε for the
electron, EF−ε for the hole), a finite difference in phase between electron and Andreev reflected
hole results. The phase difference is directly visualized by the nodal patterns along the classical
periodic orbit in the electron and hole density [see Fig. 3(d)].
In addition, each Andreev reflection constitutes a phase γ = arccos ε∆ [17]. Because one

periodic orbit contains two Andreev reflections, this phase contribution has to be counted
twice. The total phase accumulated over one periodic Andreev orbit A is thus given by

1

�

∮
A

pdq = l(ke − kh) = 2(nπ + γ), (5)

where l is the length of A, and ke,h =
√
2(EF ± ε) is the wavenumber of the electron or hole,

respectively.
A Taylor expansion of Eq. (5) in terms of ε yields a relationship between orbit length l and

excitation energy ε,

ln(ε) = (nπ + γ)
kF

ε
∝ 1
ε
. (6)
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Fig. 4. (a) Path length distribution P (l) and (b) quantum mechanical (red staircase) and semiclas-
sical (green dashed line) state counting function of the half-circle Andreev billiard. The Fermi energy
EF = (21.5π)

2/2, ∆ = 0.02EF. Eigenstates are shown in Fig. 3 for energies marked by open tri-
angles. (c) Path length distribution P (l) and (d) state counting function N(ε) of the mushroom
Andreev billiard. The Fermi energy EF = (17.5π)

2/2, ∆ = 0.02EF. Two peaks in the path length
distribution [marked I and II in (c)] result in corresponding cusps in the state counting function
[marked accordingly in (d)]. Open triangles denote energies for which eigenstates are shown in Fig. 5.

Thus, the orbit length l is, for fixed quantum number n, inversely proportional to the excitation
energy of the particle ε. This explains the observed decrease in orbit length with increasing
excitation energy. Note that the quantum number n characterizes the quantized difference in
action between the electron and the hole or equivalently, the phase shift in the nodal pattern
between the two wavefunctions [see Fig. 3(d)].
Inserting into the left hand side of Eq. (6) the length of the classical periodic orbits visible as

superscars in the eigenstates depicted in Fig. 3(a–c) predicts the corresponding eigenenergies
with a high degree of accuracy. Thus, the eigenenergy of an Andreev state is not quantized
by the number of oscillations along the orbit (proportional to kF) itself, as in conventional
billiards, but by the difference in oscillations between two similar nodal patterns (proportional
to ke − kh). Because ke − kh � ke,h ≈ kF, this quantity varies much more slowly with orbit
length than in conventional billiards giving rise to the remarkable accuracy of semiclassical
theories of Andreev billiards.

3.3 State counting function

We turn now to the large-scale energy spectrum of Andreev billiards. We insert the quantization
condition (6) into a semiclassical expression of the state counting function N , i.e. the integrated
density of states according to [18]

NBS(ε) =M

∞∑
n=0

∫ ∞
ln(ε)

P (l)dl. (7)
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Fig. 5. (a)–(d) Density of electron and hole eigenfunctions |ψ|2 of the mushroom Andreev billiard for
three different excitation energies ε = 0.33∆(a), 0.52∆(b), 0.59∆(c), and 0.61∆(d). The Fermi energy
was chosen at EF = (17.5π)

2/2, ∆ = 0.02EF. The corresponding state counting function is shown
in Fig. 4.

The fact that within the retracing approximation, periodic orbits form continuous manifolds
in Andreev billiards is incorporated in Eq. (7) via an integral over a continuous distribution of
path lengths. All orbits of a length of at least l = ln(ε) contribute to the state counting function
at energy ε. The weight of each orbit length l is given by P (l), the classical probability that
an electron leaves the cavity after traversing a path of length l [see Fig. 4(a)]. Note that P (l)
is the only geometry-specific information that enters the semiclassical prediction for the state
counting function. The topology of individual orbits is irrelevant. All states share the same
quantum number n = 0 entering the quantization condition of Eq. (6), and are distinguished
by the length of their periodic orbits. Their energies fall in a very narrow energy window, the
lower bound of which is determined by the longest [Fig. 3(a)], and the upper bound by the
shortest [Fig. 3(c)] classical path possible. Only a limited number of different path lengths are
permitted in this geometry as shown in the classical path length distribution [see Fig. 4(a)].
The semiclassical prediction for N(ε) according to Eq. (7) agrees with the quantum

mechanical calculations of the state counting function

NQM (ε) =
∑
i

θ(ε− εi), (8)

for the regular half-circle billiard remarkably well [see Fig. 4(b)]. It is now instructive to ask:
Is such a good agreement to be expected? One key to the answer is the close similarity of
nodal patterns and superscars in the electron and hole wavefunctions. The prerequisite for the
validity of the semiclassical state-counting function (Eq. 7) is the retracing approximation. The
validity of the latter implies that the wavefuntions on the two sheets closely mirror each other.
For the half-circle billiard this is, indeed, the case (see Fig. 3). Thus, the nodal patterns (or
Chladni figures) and superscars can provide an immediate indication as to the validity of the
semiclassical retracing approximation.

3.4 Mushroom billiard

If the diameter of the half-circle is chosen larger than the width of the superconducting lead,
the billiard takes on the shape of a mushroom [see Fig. 2(c)]. In these structures, a wider
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variety of path topologies exists. As a consequence, the classical path length distribution shows
pronounced structures [see Fig. 4(c)]. The state counting function now features several distinct
cusps, corresponding to the different peaks in P (s). These peaks correspond to topologically
different bundles in phase space. As a consequence, we expect eigenstates associated with these
different peaks to show different topological structures in their nodal patterns and superscars.
Indeed, different classes of trajectory bundles can be distinguished by characteristically different
nodal patterns: The first and most prominent peak in the pathlength spectrum P (s) [marked
(I) in Fig. 4(c)] denotes states with length l ≈ 4R featuring regular nodal patterns similar to
the states found in the half-circle billiard [see Fig. 5(b)]. The state counting function shows
a corresponding cusp [marked (I) in Fig. 4(d)], which is predicted quite accurately by the
semiclassical theory. A second cusp [marked (II) in Fig. 4(c, d)] features eigenstates reflecting
once at the straight side of the mushroom hat [see Fig. 5(a)]. For both classes of states, patterns
in the electron and hole wavefunctions agree very well.

The situation is qualitatively different, however, for eigenstates away from pronounced peaks
of the path length distribution P (s). An example is the relatively flat region of the state counting
function where only few additional states are added [shaded in Fig. 4(d)]. The reason for the
failure of the semiclassical retracing approximation can be readily seen in the wavefunctions:
Electron and hole eigenstate do not mirror each other, most notably for the whispering gallery
states, i.e. states trapped in the regular island of the mushroom[19,20]. These states feature
a strong asymetry in the overall probability density between electron and hole [see Fig. 5(d)].
Clearly, such a situation is beyond the scope of the retracing approximation.

Another reason for the failure of retracing is diffractive scattering at the entrance corners
to the mushroom. The Chladni figures show “fuzzy” patterns without discernable enhancement
near a single periodic orbit. However, they do show high amplitudes at the diffractive corner.
Furthermore, the patterns found for electron and hole do not agree [see Fig. 5(c)]. We per-
formed numerical studies for different geometries with a varying number of diffractive corners
to quantitatively understand the role of diffraction in Andreev billiards [21]. Our results show
that quantum diffraction partly destroys the retracing properties of Andreev reflection.

4 Conclusions

We have studied the two-component wavefunctions of Andreev billiards for two different
geometries with varying degree of classical-to-quantum correspondence. The nodal patterns (or
Chladni figures) are shown to serve as a sensitive indication for the validity of the semiclassical
approximations, in particular the retracing approximation.

For the regular half-circle billiard we find near-perfect agreement between the nodal patterns
of electron and hole component of the eigenstate, indicating that the semiclassical retracing
approximation is well suited to describe this geometry. Indeed, the periodic orbits predicted by
semiclassical theory are directly mapped to strong enhancements of the nodal patterns along
these orbits. This allows us to predict the eigenenergies of states by the lengths of the periodic
orbits visible in their Chladni figures.

The mushroom Andreev billiard, whose normal-conducting counterpart features mixed
dynamics, shows similar behaviour for those eigenstates dominated by short, broad bundles
of classical trajectories. However, other eigenstates are not accounted for by the semiclassical
approximation. For those states, electron and hole components show different nodal patterns.
This is in line with the observed failure of the retracing approximation.

We can distinguish two distinct processes breaking the correspondence between electron
and hole eigenstate: (i) Coupling of one of the two components to the regular island located
in the head of the mushroom, (ii) Diffractive effects at the corners of the mushroom. In sum-
mary, we have shown that Andreev billiards allow to determine the degree of quantum-classical
correspondence by comparing the two nodal patterns of electron and hole component.
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