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contact:	  joerg.doppler@tuwien.ac.at	  

•  Quan)ta)ve	  agreement	  between	  numerics	  and	  
theore)cally	  predicted	  new	  sca;ering	  mechanism	  

•  Step-‐like	  wire	  geometry:	  

→ Pronounced	  backsca;ering	  peaks	  at	  resonant	  
points	  	  

→ Effec)ve	  higher-‐order	  sca;ering	  correc)ons	  
improve	  agreement	  

•  Waveguide	  design	  to	  fabricate	  predetermined	  
transmission	  bandgaps	  

→  Successful	  demonstra)on	  in	  microwave	  
experiments	  and	  numerical	  simula)ons	  

Summary	  

→  Resonance	  condi)on	  for	  specific	  parameter	  
pairings:	  

→  Standard	  SST	  [6]	  fails	  to	  reproduce	  behaviour	  of	  first	  
mode	  

→  Explana)on:	  backsca;ering	  increased	  due	  to	  mode	  
mixing	  by	  forward	  sca;ering:	  

→  Correc)ons	  via	  effec)ve	  higher	  order	  sca;ering	  	  	  	  	  	  
contribu)ons	  to	  the	  a;enua)on	  length	  

	  	  	  	  	  	  	  yield	  quan)ta)ve	  agreement:	  

Acknowledgements	  

References	  

[1]	  	  	  J.	  A.	  Sánchez-‐Gil	  et	  al,	  PRL	  80	  948	  (1998)	  
[2]	  	  	  E.	  I.	  Chaikina	  et	  al,	  PRB	  71,	  085419	  (2005)	  
[3]	  	  	  T.	  Jenke	  et	  al,	  Nature	  Physics	  7,	  468	  (2011)	  
[4]	  	  	  M.	  J.	  Han	  et	  al,	  PRL	  98,	  208605	  (2007)	  
[5]	  	  	  A.	  I.	  Hochbaum	  et	  al,	  Nature	  451,	  163	  (2008)	  
[6]	  	  	  M.	  Rendón	  et	  al,	  PRE	  83,	  051124	  (2011),	  
	  	  	  	  	  	  	  	  M.	  Rendón	  et	  al,	  PRB	  75,	  205404	  (2007)	  
[7]	  	  	  J.	  Doppler	  et	  al,	  to	  be	  published	  
[8]	  	  	  O.	  Dietz	  et	  al,	  PRB	  86,	  2011106(R)	  (2012)	  

Bulk	  vs	  surface	  disorder	  

Rough	  boundary	  systems	  relevant	  	  
in	  many	  physical	  systems	   Symmetric	  wire	  

QuanAtaAve	  descripAon	  of	  coherent	  	  
transport	  through	  surface-‐disordered	  wires	  

Mode	  number	  ≙	  injec)on	  angle	  	  

Bulk	  disorder	  
(mode-‐independent)	  

Surface	  disorder	  
(mode-‐dependent)	  

Coexistence	  of	  	  
transport	  regimes	  [1]	  

Op)cal	  
fibers	  [2]	  

Gravita)onally	  	  
bound	  neutrons	  [3]	  

Graphene	  
nanoribbons	  [4]	  

Silicon	  
nanowires	  [5]	  

Surface	  scaHering	  theory	  (SST)	  [6]	  

L

x

z

d

z↑(x) = d+ σξ↑(x)

z↓(x) = σξ↓(x)

Amplitude-‐gradient	  
scaHering	  (AGS)	  

Square-‐gradient	  
scaHering	  (SGS)	  

S(k) =
〈∣∣Fk

[
ξ′(x)2

]∣∣2
〉

W (k) =
〈∣∣Fk [ξ(x)]

∣∣2
〉

σξ(x),σξ′(x) σ2ξ′(x)2

1

L(AGS)
nn′

=
∑

m=n,n′

σ2

d6
Anm

knkm

[
W (kn + km) +W (kn − km)

]

Ann′ Bnn′

1

Ln
=

∑

n′

1

Lnn′

1

L(SGS)
nn′

=
∑

m=n,n′

σ4

d4
Bnm

knkm

[
S(kn + km) + S(kn − km)

]

→  	  	  	  	  	  	  	  	  	  	  	  	  ,	  	  	  	  	  	  	  	   	  	  depend	  on	  wire	  symmetry

→  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  :	  forward	  sca;ering	  
→  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  :	  backward	  sca;ering	  kn + km

kn − km

M.	  Rendón	  et	  al	  [6]	  

Realization of quantum resonances in surface-disordered waveguides 20

smoothed steps. This allows us to unambiguously identify the origin of the observed

reflection resonances as being entirely due to the so-called ”square-gradient mechanism”

of scattering. We show that this previously neglected scattering mechanism is a very

robust effect which survives averaging over 100 realizations of the surface roughness and

results in an order-of-magnitude enhancement of the reflection at well defined periodic

intervals governed by the condition kx∆ = 2πM , with M integer. We argue that

our step-wise waveguides are linked to realizations of the quantum kicked rotor, where

these quantum resonances appear for similar parameter pairings. To the best of our

knowledge, our results constitute the first numerical evidence of these resonances and,

also, of the square-gradient scattering mechanism for arbitrary waveguide symmetries,

respectively. Moreover, although the theory in [29, 30] only takes into account first-

order contributions in the scattering, we expect that scattering events of higher order in

scattering are needed to obtain a quantitative correspondence. Indeed, employing these

amendments which are not considered in [29, 30], we find remarkably good agreement

of our numerical data with the analytical predictions.

Thereby, we provide a solid basis for a general understanding of wave transmission

through waveguides with surface roughness, where this knowledge may be particularly

important in view of experimental possibilities to prepare waveguides with a given

surface profile [41, 42] in order to engineer their transmission characteristics.
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Appendix

Appendix A.1. Step-profile ξ(x)

In order to describe an effective smoothing of a step-like waveguide boundary due to

a finite resolution capacity of the propagating wave, we consider a profile ξ(x) which

consists of 2N +1 steps of width ∆ and random heights αn that feature zero mean and

unit variance,

ξ(x) =
N�

n=−N

αnΠρ(x− n∆) . (A.1)

Step	  boundary	  analy)cally	  modelled	  
by	  2N+1	  smeared	  out	  steps	  Πρ(x)	  
featuring	  random	  heights	  αn:	  

Limited	  wave	  resolu)on	  causes	  smearing	  ➞	  ρ	  	  

∆

d

L

kx∆ = 2πM
S(kx) ∝ N

W (kx) → 0{

1

Lnn′
=

1

L(AGS)
nn′

+
1

L(SGS)
nn′

S(kx) =
1

∆

k2xπ
2

72

(1 + k2xρ
2)2

sinh2(πkxρ)
ΩN (kx∆)

W (kx) =
1

∆

4π2ρ2

sinh2(πkxρ)
sin2(kx∆/2)

ΩN (x) =

[
4

5

(
1 +

1

2N

)(
7 + 2 cos(x)

)
+

2

(
1 + cos(x)

)
1

2N

sin2 [(N + 1/2)x]

sin2(x/2)

]
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•  Two	  open	  modes	  
•  Scan	  through	  different	  step-‐widths	  Δ	  
•  Three	  symmetry	  classes:	  

AnAsymmetric	  wire	  

!
!
!
!!
!!
!
!
!!!!!!

!
!
!!!
!
!!
!!!!!!

!!
!!!
!
!!
!!!!!

!!
!
!!
!
!
!!
!!!!!

!!
!
!!
!!
!!!
!!!
!!!

!!!
!!
!
!
!!!!!

!!

!
!!
!

"""""""
""
"
"

"
"

"

"
"
""
"""""

"""""
"
"
"

"
""
"

"
""
"
""""
"""""

""
"
"
"

"
"

""

"
""
"""""""""

"
"
"
"
"
"
"
""
""
"
""""
"""""

"

0.5 1.0 1.5 2.0 2.5 3.0
10!8
10!7
10!6
10!5
10!4
10!3
10!2

"

1
Lnn

1st	  mode	  

2nd	  mode	  

&	  

!!!!

!
!
!
!!!!!!!
!!!!!!!!!!
!!!
!!!!!!!!!
!!
!
!!
!!
!

!!!!!

!
!

!!
!
!!!
!!
!
!

!
!!
!

!!
!!!!
!!

!!!!!!!!!!!!!

!
!
!
!
!
!
!!
!
!
!
!
!
!!
!
!
!!!
!
!!
!
!!
!
!

!

!

!!!!!!!!!!!!

!
!
!

!!
!!
!!
!!
!!
!!!!!!!!

!!

!!!
!!
!!
!!
!
!!
!!!!!
!!!!!
!!!!!
!!
!!!!
!!!!
!!
!!

0.5 1.0 1.5 2.0 2.5 3.010!6

10!5

10!4

10!3

10!2

"

1
L2

!!
!!

!
!
!
!!!!!!!!!!
!!!!!!!!!!
!!!!!!!!!!
!!!!!!!

!
!
!!!!
!
!!!!!

!
!
!
!
!
!
!!
!
!!
!!!
!
!
!

!!!!
!!!!
!!!
!!
!
!!
!!!
!
!
!
!
!

!!
!!
!
!
!!!!!!!!!!

!!

!

!!!!!
!!!!!
!!
!
!!
!
!!
!!!
!
!
!!!
!!!!
!
!!
!

!!
!!
!!!!!!!!!!!!!
!!!!!
!!!!
!!

!
!

!!!
!!!!!

!!
!
!

""""

"
"
"
"""""""
""""""""""
"""
"""""""""
""
"
""
""
"

"""""

"
"

""
"
"""
""
"
"

"
""
"

""
""""
""

"""""""""""""

"
"
"
"
"
"
""
"
"
"
"
"
""
"
"
"""
"
""
"
""
"
"

"

"

""""""""""""

"
"
"

""
""
""
""
""
""""""""

""

"""
""
""
""
"
""
"""""
"""""
"""""
""
""""
""""
""
""

0.5 1.0 1.5 2.0 2.5 3.010!6

10!5

10!4

10!3

10!2

"

1
Ln

1st	  mode	  

2nd	  mode	  

!!!!

!
!
!
!!!!!!!
!!!!!!!!!!
!!!
!!!!!!!!!
!!
!
!!
!!
!

!!!!!

!
!

!!
!
!!!
!!
!
!

!
!!
!

!!
!!!!
!!

!!!!!!!!!!!!!

!
!
!
!
!
!
!!
!
!
!
!
!
!!
!
!
!!!
!
!!
!
!!
!
!

!

!

!!!!!!!!!!!!

!
!
!

!!
!!
!!
!!
!!
!!!!!!!!

!!

!!!
!!
!!
!!
!
!!
!!!!!
!!!!!
!!!!!
!!
!!!!
!!!!
!!
!!

0.5 1.0 1.5 2.0 2.5 3.010!6

10!5

10!4

10!3

10!2

"

1
L2

1

Ln
=

1

L(1)
n

+
1

L(2, )
n

(1)

(2)

!!
!!

!
!
!
!!!!!!!!!!
!!!!!!!!!!
!!!!!!!!!!
!!!!!!!

!
!
!!!!
!
!!!!!

!
!
!
!
!
!
!!
!
!!
!!!
!
!
!

!!!!
!!!!
!!!
!!
!
!!
!!!
!
!
!
!
!

!!
!!
!
!
!!!!!!!!!!

!!

!

!!!!!
!!!!!
!!
!
!!
!
!!
!!!
!
!
!!!
!!!!
!
!!
!

!!
!!
!!!!!!!!!!!!!
!!!!!
!!!!
!!

!
!

!!!
!!!!!

!!
!
!

0.5 1.0 1.5 2.0 2.5 3.010!6

10!5

10!4

10!3

10!2

"

1
L1

!
!!
!!!!!

!
!
!
!
!!!!!

!!!!!!!!!!!!!

!!!
!
!!
!
!!!
!!!!
!
!!!!!

!!
!
!
!
!!
!!
!!!!!!

!
!!!!
!
!
!
!!

!!

!
!
!!!
!
!!!
!
!!!
!

0.5 1.0 1.5 2.0 2.5 3.010!6

10!5

10!4

10!3

10!2

"

1
L1

!!
!
!

!!
!
!

!

!
!!
!!!
!
!
!!
!

!!!
!!!!!

!

!

!
!
!
!
!!
!

!
!
!
!

!!!!!!!

!

!!

!

!

!

!
!
!

!

!!
!!

!!
!
!

!
!!
!
!
!
!
!
!

!
!!

!

!!!
!
!
!!!!
!!
!

0.5 1.0 1.5 2.0 2.5 3.010!6

10!5

10!4

10!3

10!2

"

1
L2

→  Direct	  applica)on	  of	  higher	  order	  sca;ering	  terms:	  

Designing	  transmission	  bandgaps	  [8]	  

Transmission	  
proper)es	  

W (k), S(k)

(a)	   (b)	   (c)	  

→  Waveguide	  design:	  

→  Microwave	  experiments:	  

kx∆ = 2πM

Standard	  model:	  step-‐like	  wire	  [7]	  
step-‐width	  

Numerical	  results	  

ξ↑ = −ξ↓

ξ↑ = ξ↓

Nonsymmetric	  wire	  

ξ↑ != ξ↓

→  Quan)ta)ve	  agreement	  also	  in	  this	  case	  

resonance	  
values	  

SGS	  

AGS	  gap	  

SGS	  
AGS	  

experiment	  

theory	  
(no	  SGS)	  

theory	  	  
(with	  SGS)	  

•  Transport	  from	  mode	  n	  to	  n’ determined	  by	  
par)al	  a;enua)on	  length	  	  

•  Total	  a;enua)on	  length	  of	  nth	  mode	  	  

AGS	  

SGS	  

AGS	   SGS	  AGS	  
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→ Detailed	  understanding	  by	  means	  of	  numerical	  
simula)ons:	  

SGS	  gap	  


