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1. Introduction
ٗ�7KH�TXDQWXP�DGLDEDWLF�WKHRUHP�LV�D�VHPLQDO�UHVXOW�LQ�WKH�KLVWRU\�RI�TXDQWXP�
mechanics [1].

ٗ�5HFHQWO\��WKH�DSSOLFDELOLW\�RI�DGLDEDWLF�SULQFLSOHV�WR�QRQ�+HUPLWLDQ�V\VWHPV�
ZLWK�JDLQ�RU�ORVV�KDV�DWWUDFWHG�FRQVLGHUDEOH�LQWHUHVW���7KH�VSHFWUXP�RI�D�QRQ�+HU�
PLWLDQ�V\VWHP�LV�FRPSOH[�DQG�PD\�H[KLELW�VR�FDOOHG�H[FHSWLRQDO�SRLQWV���([FHS�
WLRQDO�SRLQWV�DUH�DVVRFLDWHG�ZLWK�SKHQRPHQD�WKDW�FRQWUDGLFW�RXU�SK\VLFDO�LQWXL�
WLRQ��H�J���DGLDEDWLFDOO\�HQFLUFOLQJ�DQ�H[FHSWLRQDO�SRLQW�ZDV�SUHGLFWHG�WR�HIIHFW�D�
VWDWH�H[FKDQJH�>�@�

ٗ�:H�SUHVHQW�D�GHWDLOHG�DQDO\WLF�VWXG\�RI�TXDVL�DGLDEDWLFDOO\�HQFLUFOLQJ�H[FHSWLRQ�
al points.

2. Model
ٗ�:H�FRQVLGHU�WKH�JHQHULF�PRGHO�RI�
two coupled harmonic modes with 

gain or loss:

ٗ�:H�DVVXPH�WKDW�DW�OHDVW�WKH�RVFLO�
ODWLRQ�IUHTXHQF\�DQG�WKH�FRXSOLQJ��
RU�WKH�RVFLOODWLRQ�IUHTXHQF\�DQG�WKH�
GHFD\�FDQ�EH�FRQWUROOHG�DV�D�IXQF�
tion of time.

FIG. 1.  (a) Cartoon of two coupled harmonic modes 

ZLWK�JDLQ�RU�ORVV����E��([DPSOH�SDUDPHWULF�SDWK�IRU�
IL[HG�GHFD\����F��5HDO�DQG�LPDJLQDU\�SDUWV�RI�WKH�VSHF�
WUXP�LQ�WKH�YLFLQLW\�RI�DQ�H[FHSWLRQDO�SRLQW�

3. Numerical Examples

),*�������L��LL��$QWLFORFNZLVH�DQG�FORFNZLVH�HQFLUFOLQJV���7KHVH�H[DPSOHV�H[KLELW�FKLUDO�EHKDYLRXU���
�LLL��$Q�HQFLUFOLQJ�IRU�ZKLFK�WKH�QHW�JDLQ�YDQLVKHV���7KLV�H[DPSOH�H[KLELWV�QRQ�WULYLDO�VODYLQJ�

ٗ�/HW�XV�H[SDQG�WKH�VWDWH�LQ�WKH��LQVWDQWDQHRXV��HLJHQEDVLV�

4. Theoretical Description

5. Results

ٗ�,Q�RUGHU�WR�GHYHORS�D�JHQHUDO�G\QDPLFDO�GHVFULSWLRQ�ZH�FRQVLGHU�WKH�HYROXWLRQ�
operator (in the eigenbasis):

ٗ�$GLDEDWLFLW\�XVXDOO\�UHTXLUHV�WKDW�WKH�QRQ�DGLDEDWLF�FRXSOLQJ�EH�PXFK�VPDOOHU� 
than the ‘distance’ between eigenvectors:

ٗ�(YHQ�IRU�DQ�DUELWUDULO\�VPDOO�\HW�QRQ�YDQLVKLQJ�QRQ�DGLDEDWLF�FRXSOLQJ�WKH�
DFWXDO�VROXWLRQ�LV�VLJQLILFDQWO\�QRQ�DGLDEDWLF��WKLV�LV�HYLGHQW�LQ�)LJ�������7KH�
QRQ�DGLDEDWLF�FRXSOLQJ�LV�D�singular perturbation.

ٗ�,Q�RUGHU�WR�GHVFULEH�WKH�QRQ�DGLDEDWLF�FKDUDFWHU�RI�WKH�HYROXWLRQ�RSHUDWRU�ZH�
IRFXV�RQ�WKH�IROORZLQJ�UHODWLYH�QRQ�DGLDEDWLF�WUDQVLWLRQ�DPSOLWXGHV�>�@�

ٗ�7KHVH�WUDQVLWLRQ�DPSOLWXGHV�DUH�VROXWLRQV�WR�D�5LFFDWL�HTXDWLRQ [4]�

FIG. 3.  (a) A generic solution for R
–
=:R. The arrows 

GHQRWH�GHOD\�WLPHV���7KH�XSSHU�DQG�ORZHU�KRUL]RQWDO�
GDVKHG�JULG�OLQHV�GHQRWH�WKH�IL[HG�SRLQWV���7KH�VKDGHG�
area denotes one standard deviation about the mean for 

10,000 stochastic solutions.  (b) Cartoons of the phase 

portrait near a bifurcation.  Arrows denote the direction 

RI�WLPH�HYROXWLRQ�DORQJ�DQ�LQWHJUDO�FXUYH�

ٗ�3URKLELWLRQ�RI�VLPXOWDQHRXV�DGLD�
EDWLF�EHKDYLRXU�LQ�ERWK�HLJHQYHF�
tors [3]:

ٗ�6HSDUDWLRQ�RI�WLPH�VFDOHV [4]�

ٗ�4XDVL�VWDWLRQDU\�IL[HG�SRLQWV��VORZ
�WLPH�VFDOH�VROXWLRQ�PDQLIROGV� [4]�

ٗ�'\QDPLFDO�ELIXUFDWLRQV [4]�

ٗ�6WDELOLW\�ORVV�GHOD\�>5@�

ٗ�Unique long-term relaxation oscillation as a universal signature of quasi-adiabatically
    encircling exceptional points [4].
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