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The physics of waves in time-varying media provides numerous opportunities for wave control that are
unattainable with static media. In particular, Floquet systems with a periodic time modulation are currently
of considerable interest. Here we demonstrate how the scattering properties of a finite Floquet medium can
be correctly described by a static Floquet scattering matrix, which satisfies a pseudounitary relation. This
algebraic property is a consequence of the conservation of wave action for which we formulate here a continuity
equation. Using this Floquet scattering matrix, we further demonstrate how it can be used to transfer concepts
for wave-front-shaping based on the Wigner-Smith operator from static to Floquet systems. The eigenstates of
the corresponding Floquet Wigner-Smith matrix are shown to be light pulses that are optimally shaped in both
their spatial and temporal degrees of freedom for the optical micromanipulation of time-varying media.
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I. INTRODUCTION

The scattering matrix not only is a valuable tool for stor-
ing information about reflection and transmission of waves,
but also marks the central building block for several wave
engineering protocols [1–11]. Recent technological progress
in measuring the scattering matrix for various systems has
accelerated both theoretical and experimental investigations
to exploit its information content [12–23]. All these de-
velopments are based on the understanding of the key
characteristics of the scattering matrix, such as its unitarity.
This property is fulfilled for time-independent scattering land-
scapes without gain and loss and reflects the conservation of
energy during the scattering process due to time-translation
invariance.

A newly emerging field of research that is currently at-
tracting great attention is that of waves in time-varying media.
The special properties of waves inside a material that changes
its properties with time open novel opportunities in the field
of wave control [24–26]. Several theoretical studies on the
temporal scattering properties of waves inside a time-varying
medium [27–30] have recently been complemented by in-
novative experiments with water waves [31,32] and with
electromagnetic radiation, where effects like temporal reflec-
tion [33] and refraction [34] or a temporal double slit [35]
have been observed.

These exciting developments can be expected to lead to
the realization of ever more sophisticated systems that will
require a comprehensive description of wave scattering in
such time-varying media. The question we want to address
here is thus whether and how a scattering matrix can also be
properly defined for photonic time-varying media, in particu-
lar for those with a periodic time dependence like photonic
time crystals [36,37]. The first important developments in
setting up a scattering matrix formalism for periodically mod-
ulated Floquet systems were presented for the case of electron
scattering [38–40]. While the conservation of probability in
the scattering of electrons leads to a unitary Floquet scattering

matrix, the situation is much more complex for electromag-
netic waves: In bulk media with a periodically time-varying
impedance, the temporal reflection and refraction change the
frequency of radiation propagating in these media. These fre-
quency shifts are not energy preserving and thus render the
associated scattering matrix nonunitary. In the special case
that a spatial translation invariance of the system leads to
the conservation of the wave momentum [41], characteristic
algebraic properties of the temporal scattering matrix can be
derived [42,43]. However, for the general case of a finite
time-varying medium, neither the wave energy (due to the
temporal inhomogeneity caused by the time modulation) nor
the wave momentum (due to the spatial inhomogeneity caused
by the finite extent of the slab) is conserved (irrespective of
the specific definition used for the wave momentum inside
the slab [44]). As a result, the Floquet scattering matrix does
not obey a unitarity relation for these systems [45–52] and
entries are even found to be diverging at resonance [53],
when expressed in an energy-flux normalized basis. These
shortcomings not only point to a missing element in the
fundamental understanding of scattering at periodic media,
but also hamper the transfer of well-established wave con-
trol techniques from time-invariant systems to time-varying
ones.

Our central goal is to overcome these limitations by
proving that the multispectral Floquet scattering matrix for
electromagnetic waves obeys a so-called pseudounitary re-
lation. On a fundamental level, this relation encapsulates
that even for time-varying media a conserved quantity exists,
which we identify as the wave action [54,55] notably incorpo-
rating elastic as well as inelastic scattering process. Crucially,
the pseudounitarity of the Floquet scattering matrix emerges
through the coupling of positive- and negative-frequency
channels, a characteristic of systems with fast and strong
modulation. Previously, the Floquet scattering matrix has only
been considered in regimes where these transitions can be
neglected, in which case its pseudounitarity reduces to the
conventional unitarity relation [56,57].
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II. FLOQUET SCATTERING MATRIX

The central object that we are after is the photonic Flo-
quet scattering matrix, which is a generalized scattering
matrix applicable to time-periodic scattering processes in
electromagnetism. To discuss the unconventional properties
of the Floquet scattering matrix, we reduce the complex-
ity of the scattering system as much as possible while still
maintaining the characteristic features of wave propagation
in time-varying media. For this purpose, we consider a one-
dimensional scattering problem and assume an instantaneous
response of the material to the modulation [45] such that the
system is described by the scalar wave equation of the form

∂2
x E (x, t ) − ∂2

t [ε(x, t )E (x, t )] = 0. (1)

Here and in the following, we set the vacuum permittivity and
permeability to unity, i.e., ε0 = μ0 = 1, such that the speed of
light becomes c = (ε0μ0)−1/2 = 1. Specifically, we describe a
scattering landscape with a real time-periodic dielectric func-
tion ε(x, t ) = ε(x, t + T ), where T is the oscillation period
and � = 2π/T is the associated angular frequency. Further-
more, we assume that this oscillating object has a finite extent
L and is centered around x0 such that its dielectric function
may be written as

ε(x, t ) = 1 + [εs + δεg(t )]�(L/2 − |x − x0|), (2)

where � is the Heaviside step function (outside the oscillating
dielectric we assume ε = 1). The static permittivity of the
scatterer is 1 + εs and the time-periodic modulations occur on
top of this static background, where δε � 0 is the modulation
strength and g(t ) = g(t + T ) is the time-periodic modulation
itself. In a periodically time-dependent scattering landscape
energy is not conserved due to the external driving. However,
in Floquet systems an incoming wave cannot exchange energy
arbitrarily with the system, but only by a multiple of the
driving frequency n� with n ∈ Z [58]. This gives rise to a
quantity called quasifrequency ω (corresponding to the quasi-
momentum in spatially periodic systems). This characteristic
frequency is restricted to an interval l� � ω < (l + 1)� with
arbitrary integer l (corresponding to the Brillouin zone). We
choose l = 0 here and throughout the paper. Such a particular
choice of the quasifrequency allows us to label the available
frequencies of the scattering process as ωn = ω + n� (see
Fig. 1). These frequencies span a discrete set of scattering
channels in the frequency domain with a corresponding time
dependence e−iωnt . We are thus able to describe the scattering
behavior of several input channels, corresponding to plane
waves with frequencies ωn, at once. Hence, the wave field
in the left lead (σ = l) and in the right lead (σ = r) may be
expressed as [45]

Eσ (x, t ) =
∞∑

n=−∞
Nσ,n

(
cin
σ,neikσ,nx + cout

σ,ne−ikσ,nx
)
e−iωnt . (3)

We have a linear dispersion relation kl,n = −kr,n = ωn in the
leads and Nσ,n are normalization constants, which we will
discuss in the following. Details on the derivation of the
wave field can be found in Appendix A. We introduce the
amplitudes cin

σ,n and cout
σ,n corresponding to plane waves that

are incoming and outgoing on both sides σ ∈ {l, r} at the

FIG. 1. Schematic representation of a Floquet scattering process.
(a) The Floquet scattering matrix SF transforms the vector of incom-
ing channels cin into a vector of outgoing channels cout . (b) In the
spatial domain, an input pulse is scattered off a periodically time-
varying medium of length L described by the periodic permittivity
ε(t ) = ε(t + 2π/�). (c) Due to the periodic driving, an input wave
of quasifrequency ω can only change its frequency by a multiple of
the driving frequency �. Thus, in the frequency domain the scatter-
ing process can be described by a discrete set of channels n.

discrete frequencies ωn (see Fig. 1). Writing these coefficients
as vectors

cin =
(

cin
l

cin
r

)
, (4a)

cout =
(

cout
l

cout
r

)
, (4b)

where cin (out)
σ = (. . . , cin (out)

σ,−1 , cin (out)
σ,0 , cin (out)

σ,1 , . . . )T, the Flo-
quet scattering matrix can now be defined via the
relation

cout = SFcin. (5)

This multispectral scattering matrix not only incorporates in-
formation about the elastic scattering of waves of identical
frequency, but additionally holds information about inelastic
scattering processes to channels of different frequencies. Con-
sequently, this matrix contains all asymptotically available
information on the scattering of any multispectral wave field
associated with a quasifrequency ω into an output wave field
through a periodically time-varying medium.

To assess the general properties of the Floquet scatter-
ing matrix, we recall that static scattering matrices S exhibit
specific algebraic properties, which are based on symmetries
of the scattering process [3]. Crucially, the static scattering
matrix for time-independent systems without gain and loss is
unitary, which embodies the conservation of the total energy
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FIG. 2. Unitarity vs pseudounitarity of the Floquet scattering matrix (logarithmic scale). (a) Absolute value of the deviation from unitarity
of the Floquet scattering matrix for energy-flux normalized asymptotic states. Since energy is not conserved during the scattering process,
large deviations from unitarity can be observed. (b) Absolute value of the deviation from unitarity for photon-flux normalized states. Large
deviations from unitarity appear around n = m = 0, where frequency channels of different signs couple to each other, rendering the Floquet
scattering matrix nonunitary. (c) The Floquet scattering matrix is pseudounitary (errors are below 10−13 and thus below numerical precision),
with the coupling between positive and negative frequencies now being taken into account properly. In all panels we assume a harmonic
modulation of the form ε(t ) = 1 + εs + δε cos(�t ), with εs = 1 and δε = 0.3

in a scattering process. However, as in a Floquet system of
finite size neither energy nor the linear momentum constitutes
a conserved quantity, also the associated Floquet scattering
matrix is not unitary [43]. Nevertheless, as we will show be-
low, a generalized unitary condition for the Floquet scattering
matrix can be established, which is based on the conservation
of the wave action.

For time-invariant energy-conserving systems, the unitar-
ity of the scattering matrix follows from the source-free
Poynting theorem that constitutes the fundamental continuity
equation governing energy conservation for electromagnetic
fields. The appearing energy-flux density (the Poynting vec-
tor) induces an appropriate normalization for the asymptotic
electric fields, in which the scattering matrix is expressed.
With this energy-flux normalization, the static scattering ma-
trix is unitary since the incoming energy flux can only be
distributed into the reflected and transmitted wave fields
without changing the total energy of the field. Uncritically
transferring the energy-flux normalization to a Floquet scat-
tering process would result in the normalization constant
Nσ,n = √|ωn/kσ,n| = 1 in Eq. (3). Since, however, in Floquet
scattering systems energy is not conserved, an energy-flux
normalization of the asymptotic fields quite naturally yields
a nonunitary Floquet scattering matrix. This is demonstrated
in Fig. 2(a) and has already been observed by several authors
before [45,46,48–51,53].

To fix this problem, an alternative source-free continuity
equation is thus required to hold also in the time-varying
case. Indeed, there is a conserved quantity in Hermitian
time-varying scattering systems: the action of the wave field
[54,55]. Similar to the energy density and the energy-flux den-
sity in the Poynting theorem, we introduce here a wave-action
density u(x, t ) and a wave-action-flux density j(x, t ), which
obey the continuity equation

∂t u(x, t ) + ∂x j(x, t ) = 0. (6)

Specifically, we use the vector potential A(x, t ) to define them
as

u(x, t ) = ε(x, t )(A∗∂t A − A∂t A
∗), (7)

j(x, t ) = A∂xA∗ − A∗∂xA, (8)

where the asterisk represents complex conjugation and we
omitted the space and time dependence of the A field for
brevity. Details on the derivation of Eq. (6) are presented in
Appendix C. The electric field is recovered from the vector
potential as E (x, t ) = −∂t A(x, t ) in the Coulomb gauge [59].
As we show in the following, this continuity equation induces
an appropriate normalization for the asymptotic wave fields in
Floquet scattering problems, since the incoming action-flux
density equals the outgoing one (“outgoing” refers here to
the sum of the reflected and transmitted quantities). Further-
more, expressing the Floquet scattering matrix in the basis of
action-flux normalized input states, we derive in the follow-
ing a generalized unitary condition for the Floquet scattering
matrix.

We start by integrating Eq. (6) over one temporal period
0 � t � T and over the spatial extension of the finite scatter-
ing region −L/2 + x0 � x � L/2 + x0. By using the temporal
periodicity of u(x, t ) and inserting the Fourier representation
of the asymptotic fields [Eq. (3)], we arrive at (for details see
Appendix C)

0 =
∫ T/2

−T/2

dt

T
[ j(L/2 + x0, t ) − j(−L/2 + x0, t )]

= 2i
∑
σ,n

|Nσ,n|2
ωn

(∣∣cin
σ,n

∣∣2 − ∣∣cout
σ,n

∣∣2)
. (9)

This relation holds two crucial insights. First, it suggests to
choose for the normalization Nσ,n = √|ωn|, which reduces
the factor |Nσ,n|2/ωn in Eq. (9) to sgn(ωn). The resulting
action-flux normalization, which is also termed photon-flux
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normalization in the literature, is typically imposed on quan-
tized electric fields [60], but is applicable for classical
Maxwell fields as well [61,62]. With the photon being consid-
ered as a quantized entity of the wave action, the conservation
of wave action in the classical domain is equivalent to the con-
servation of pseudophotons contained in the field [55,63,64].

Second, by applying the photon-flux normalization to
Eq. (9) and rewriting it in a matrix form, we arrive at the
desired generalization of the unitary condition of the photonic
Floquet scattering matrix

S†
FV SF = V. (10)

A matrix SF obeying this type of relation is called a
V -pseudounitary matrix (the standard unitary relation is re-
covered if V is the identity matrix) [65]. In our case, the matrix
V is a diagonal matrix, which assigns an additional minus sign
to negative-frequency channels

V =

⎛
⎜⎜⎝

−1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1

⎞
⎟⎟⎠, (11)

where the top left (bottom right) matrix quadrant is assigned
to waves incoming from the left (right). Notably, when deriv-
ing Eq. (10) the only assumption imposed on the scattering
landscape is that it is described by a real and time-periodic
permittivity ε(t ). This means that the Floquet scattering
matrix is pseudounitary for arbitrary modulation schemes
[corresponding to an arbitrary real time-periodic function g(t )
in Eq. (2)].

To test this pseudounitarity relation of the Floquet scat-
tering matrix explicitly, we present numerical data in Fig. 2.
Specifically, we assume a harmonic modulation g(t ) =
cos(�t ), but we checked numerically (not shown) that these
results indeed hold for arbitrary real and time-periodic mod-
ulation protocols as well, even for those that involve several
harmonics and for potentially nonreciprocal systems that
break spatial and/or temporal symmetries. In Fig. 2(a) the
Floquet scattering matrix is expressed in an energy-flux
normalized basis and, as expected, notable deviations from
unitarity are present. Furthermore, even when a photon-flux
normalization is used, the Floquet scattering matrix is not a
unitary matrix [see Fig. 2(b)]. In particular, in the photon-flux
basis the deviations from unitarity are most pronounced in
the vicinity of the zero channel (n = 0). Since this channel
marks the border between positive and negative frequencies,
processes that change the sign of the frequency are most
likely to appear here. This strongly indicates that the cou-
pling between positive and negative channels is crucial in a
Maxwell-based Floquet scattering process [66] and has to be
taken into account properly. Correspondingly, these deviations
completely vanish in the case of pseudounitarity in a photon-
flux normalized basis [see Fig. 2(c)]. The additional minus
signs, which are necessary to describe the mixing of negative
and positive frequencies correctly, enter here through the ma-
trix V . Furthermore, if only positive frequencies are involved
and no conversion between positive and negative frequencies
takes place during the scattering process, e.g., due to a weak
or slow modulation, only the positive-frequency part of the

matrix V is relevant. This part is in fact the identity matrix;
thus the pseudounitarity condition reduces to the standard
unitary condition [56,57] (the same argument holds true if
only negative frequencies are considered). Moreover, in the
static limit, i.e., for δε = 0, only elastic scattering processes
are present. Correspondingly, also the Floquet scattering ma-
trix obeys both the standard unitary relation as well as the
pseudounitary relation in the static limit. For details on the
truncation of the Floquet scattering matrix and the choice of
parameters we refer the reader to Appendix B.

Next we point out interesting differences between the
photonic Floquet scattering matrix discussed here and the
electronic Floquet scattering matrix introduced earlier for
the scattering of matter waves off periodically modulated
potentials [38–40]. Since the total probability of finding
a particle described by the Schrödinger equation can nei-
ther increase nor decrease even in modulated potentials, the
Schrödinger-based Floquet scattering matrix is unitary in a
basis of asymptotic scattering states when these are normal-
ized using the probability flux. Moreover, we need to stress
that Schrödinger waves with negative energies correspond
to evanescent waves, which carry no probability flux. As a
result, the electronic Floquet scattering matrix is restricted to
positive-frequency channels for which a standard unitary rela-
tion holds. Our findings on the pseudounitarity of the Floquet
scattering matrix are thus specific to photonic systems with
a linear dispersion relation. In this case, negative-frequency
channels are still propagating waves carrying both energy flux
and photon flux to the asymptotic regions. Hence, negative-
frequency channels have to be considered within the photonic
Floquet scattering matrix. For waves with potentially different
dispersion relations, a careful analysis along the lines above is
recommended.

We note that there exists another important property of
scattering matrices, both in the static and in the time-variant
case. If the scattering system is reciprocal, the static scatter-
ing matrix can be chosen to be transposition symmetric [3].
Conversely, asymmetric scattering matrices can be used to
detect nonreciprocity in static systems [67]. Similarly, asym-
metric Floquet scattering matrices have been used to identify
nonreciprocity in periodically time-varying scattering systems
[68–71]. We remark that our findings on the pseudounitarity
on the Floquet scattering matrix are however independent of
reciprocity and thus hold for both reciprocal and nonrecipro-
cal Floquet scattering systems, which are described by a real
time-periodic permittivity function.

We further emphasize that the findings presented here for
a one-dimensional problem also apply to higher-dimensional
setups involving more than one spatial dimension and an
arbitrary number of asymptotic scattering channels. For all
of these cases, our formalism can be used to map well-
established results from static scattering theory, which rely on
the unitarity of the static scattering matrix, to Floquet systems.

III. FLOQUET WIGNER-SMITH MATRIX

In this section we aim to demonstrate that the photonic
Floquet scattering matrix is not just an abstract theoretical
concept but is indeed very useful for the implementation of
various wave-front-shaping protocols. We recall that in the
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time-independent case the static monochromatic scattering
matrix is the key quantity to determine those incoming wave
fronts that are optimally suited to transmit through a given
medium, to focus behind or inside it or to perform certain
tasks like micromanipulating a specific object [1–10,72–75].

A versatile tool in this context is the generalized Wigner-
Smith (GWS) matrix

Qα = −iS†∂αS. (12)

The definition of this matrix only involves the static scattering
matrix S and its derivative with respect to a parameter α

on which the scattering matrix depends [19,76–78]. We note
that originally this matrix was introduced by Wigner [79]
and Smith [80] with the particular choice of α being the
frequency of the incident field. The static scattering matrix
is expressed here in an energy-flux normalized basis and is
thus unitary. Correspondingly, the monochromatic Qα matrix
is Hermitian and evaluated at a single frequency only. The
GWS matrix has successfully been applied in various settings
ranging from the design of tractor beams [81] and maximally
stiff particle traps [82] to optimally deal with perturbations
in multimode fibers [83] and cool levitated particles [84,85]
or for the inverse design of antireflection coatings for perfect
transmission through complex media [22]. Here we make use
of the feature that the GWS matrix yields optimal light fields
for micromanipulation and optimal focusing [19,78,86]. We
note that for the case of optimal focusing on time-independent
targets, also several other scattering matrix-based schemes
exist that can identify the corresponding optimal wave fields
[72–75]. The GWS matrix comes with the advantage however
that it lets us identify not only these optimal focusing states
but also those that apply, for example, a well-defined force
or torque to a specific target scatterer even if this target is
located inside a disordered medium. This is due to a close
connection between the eigenvalues θα of the GWS matrix and
the near field of the target, which reads, for the time-invariant
one-dimensional case,

θα = ω

2

∫
dx|E (x)|2∂αε(x, α). (13)

Here E (x) is the complex amplitude of the time-harmonic
electric field with angular frequency ω and the permittivity
ε(x, α), which is a function of space but not of time and
which depends parametrically on α. The eigenvalue θα of
the GWS matrix Qα on the left-hand side of this analytic
relation is associated with a corresponding eigenvector that
represents the far-field input light fields that give rise to the
near fields appearing on the right-hand side of the equation. In
general, this near field in the vicinity of the target scatterer gets
weighted with the derivative of the permittivity with respect to
the parameter α. In this way [19], Eq. (13) links a specific ma-
nipulation task in the near field of an object with the far-field
input wave field that performs it. Moreover, the GWS matrix
Qα connects each target parameter α with the corresponding
conjugate quantity: When the parameter α corresponds to a
target’s position, the eigenvalue θα quantifies the momentum
transferred onto it by the corresponding eigenstate, and when
α corresponds to the target’s angular rotation, θα measures the
angular momentum transfer, etc. We note that the eigenstates
of the GWS matrix are equivalent to the so-called optical

eigenmodes [87]. A detailed discussion about this connection
can be found in [19].

With a unitary static scattering matrix giving rise to a
Hermitian GWS matrix already by definition, its extremal
eigenstates that deliver the strongest momentum or angular
momentum transfer for a fixed input power are simply given
by those eigenvectors of the GWS matrix associated with the
highest or lowest (real) eigenvalue θα . Here we show how
to generalize the GWS matrix concept to periodically time-
varying media via the Floquet scattering matrix. In particular,
we demonstrate that we are able to identify states that are
optimally shaped not only in their spatial but also in their
temporal degrees of freedom to execute micromanipulation
tasks at the optimal level of efficiency. For this purpose we
first define the Floquet Wigner-Smith (FWS) matrix with a
structure that is very similar to the static GWS matrix:

QF,α = U †(−iS†
FV ∂αSF)U . (14)

This FWS matrix consists of the Floquet scattering matrix SF

and its derivative with respect to a parameter α of the scat-
tering system. To account for the pseudounitarity of SF, the
matrix V is included in Eq. (14). Furthermore, we introduce
the diagonal matrix

U = diag(. . . ,
√

|ω−1|,
√

|ω0|,
√

|ω1|, . . . ,
. . . ,

√
|ω−1|,

√
|ω0|,

√
|ω1|, . . . ). (15)

The matrix U transforms photon-flux normalized incoming
coefficients into energy-flux normalized ones, which has the
advantage that input states have a fixed energy content (a
fixed input power) instead of a fixed (pseudo)photon content.
Importantly, due to the pseudounitarity of the Floquet scatter-
ing matrix [Eq. (10)], the FWS matrix is a Hermitian matrix
by definition. Moreover, as its eigenstates are wave fields
containing multiple frequencies, these far-field input states are
electromagnetic pulses. As we show below, the eigenvectors
corresponding to the extremal eigenvalues constitute pulses
that perform certain tasks at the optimal level in the near field.
The specific spatiotemporal properties of the eigenstates of
the FWS matrix QF,α can be understood when considering the
connection of the corresponding eigenvalues θF,α to the near
field of a time-modulated target scatterer (see Appendix C for
a derivation):

θF,α = 1

2

∫ T/2

−T/2

dt

T

∫
dx|E (x, t )|2∂αε(x, t, α). (16)

We highlight that the permittivity depends on space and time
as well as on α parametrically. From a conceptual point of
view, Eq. (16) is the Floquet generalization of Eq. (13) in-
cluding an additional temporal integral over one period. The
eigenvalues of the FWS matrix are related to the time average
of the electric field weighted with the derivative of the per-
mittivity with respect to α. Correspondingly, the eigenvectors
associated with the eigenvalues θF,α of QF,α represent far-field
input light fields, which result in near fields of the scatterer in
Eq. (16). Since the weighting function in this equation is time
dependent, the eigenstates of the FWS matrix QF,α in general
give rise to pulsed wave fields that interact with the target
scatterer with an interaction strength that is weighted by the
periodic Floquet modulation. In other words, for maximally

053515-5



GLOBOSITS, HÜPFL, AND ROTTER PHYSICAL REVIEW A 110, 053515 (2024)

FIG. 3. Optimal spatiotemporal focusing of light. (a) One period of the harmonic modulation protocol ε(t ) = 1 + εs + δε cos(�t ) of the
target scatterer centered at the origin. (b) Intensity of the eigenstate corresponding to the largest eigenvalue of QF,δε . This optimal spatiotemporal
state exhibits a focus inside the target during times when the permittivity ε(t ) is high. (c) Intensity of the eigenstate corresponding to the most
negative eigenvalue. This wave field builds up a focus when the permittivity is low. (d) The intensity of an eigenstate associated with an
eigenvalue close to zero focuses at times when the modulation of the permittivity is zero.

positive eigenvalues θF,α the input pulses will produce a max-
imal near-field intensity when the Floquet modulation reaches
its peak value. For maximally negative eigenvalues the near
field will be maximal when the Floquet modulation reaches
its minimal values. In this way, our approach constitutes an
optimal micromanipulation scheme for spatiotemporal wave
control of Floquet media. In Appendix D we show how to ap-
ply the relation (16) when, instead of complex electric fields,
the associated physical (real) fields are considered. In the fol-
lowing we employ this FWS matrix approach to two different
modulation protocols and explicitly demonstrate its ability to
provide optimal spatiotemporal light fields for focusing and
micromanipulation.

A. Harmonic modulation

To start with, we consider a harmonic modulation of a
target scatterer. This is the modulation protocol studied, e.g.,
in [45,53] as a model for a photonic time crystal, which we
use here to demonstrate the capabilities of the FWS matrix.
Specifically, we model the modulation as g(t ) = cos(�t ) [see
Fig. 3(a)] such that Eq. (2) takes the form

ε(x, t ) = 1 + [εs + δε cos(�t )]�(L/2 − |x − x0|). (17)

In the following we choose the scatterer to be centered at the
origin, i.e., x0 = 0. For the choices of the other parameters we
refer the reader to Appendix B. We solve the corresponding
scattering problem following the steps described in Sec. II
to derive the Floquet scattering matrix SF. This immediately
enables us to apply the FWS approach to the given scattering
problem.

Next we address the issue of optimal spatiotemporal fo-
cusing inside the target. Our goal is to identify input states
that focus inside the target at a given instant in time. This
can be realized with a FWS approach by choosing α = δε,
i.e., by performing a derivative of the scattering matrix with
respect to the amplitude of the modulation. To understand this,
consider that the eigenstates of QF,δε are input states that fulfill

Eq. (16), which reduces in this case to

θF,δε = 1

2

∫ T/2

−T/2

dt

T

∫ L/2

−L/2
dx|E (x, t )|2 cos(�t ). (18)

The eigenstate corresponding to the most positive eigenvalue
maximizes the integral appearing on the right-hand side of the
above equation. As one observes in Fig. 3(b), this is achieved
by a wave field consisting of two pulses approaching the target
from the left and right, interfering inside the scatterer to create
a strong intensity maximum at times when the weighting
function cos(�t ) is positive, i.e., for − 1

4 < t/T < 1
4 . The

largest amount of intensity is focused around t ≈ 0 when
the weighting function has its maximum. On the other hand,
the eigenstate corresponding to the most negative eigenvalue
shows opposite temporal behavior, applying a strong focus at
the beginning and end of the period, respectively. This wave
field is depicted in Fig. 3(c). The eigenstate corresponding to
an eigenvalue close to zero shows yet another behavior: To
keep the integral of Eq. (18) as close to zero as possible,
this state applies a sharp intensity peak at times when the
weighting function cos(�t ) is approximately zero, thus giving
no contribution to the integral. This demonstrates that by se-
lecting the appropriate eigenstate, we can choose the specific
moment in time when light gets focused on the target. We
remark that the exact position of the peaks depends on the
modulation strength δε. This can be observed in, for exam-
ple, Fig. 3(c), where the light field has its maximum slightly
before the end of the period. This is because the wave gains
energy from the modulated scatterer during times when the
permittivity decreases, while energy is taken from the wave
field when the permittivity rises. The FWS approach takes
these amplifying and deamplifying effects into account and
the resulting wave field thus possesses a slight asymmetry
with respect to the temporal period.

Furthermore, we show that we can identify states that fo-
cus the maximum amount of intensity on the scatterer over
the full period. Such light fields can be found with a FWS
matrix involving a derivative with respect to the static part
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FIG. 4. Focusing light inside and at the borders of a target scatterer. (a) One period of the harmonic modulation protocol ε(t ) = 1 + εs +
δε cos(�t ) of the target scatterer centered at the origin. (b) Intensity of the eigenstate corresponding to the largest eigenvalue of Qεs . This
wave field maximizes the intensity built up inside the scatterer. (c) The intensity of an eigenstate to an eigenvalue close to zero of Qεs has
minimal intensity inside the target at all times. (d) Intensity of the eigenstate corresponding to the most positive eigenvalue of QL . This light
field exhibits a focus at the borders of the scatterer during times when the permittivity ε(t ) is high.

of the permittivity, α = εs. Applying Eq. (16) in this case
results in

θF,εs = 1

2

∫ T/2

−T/2

dt

T

∫ L/2

−L/2
dx|E (x, t )|2. (19)

Figure 4(b) depicts the eigenstate corresponding to the max-
imal eigenvalue of QF,εs . This optimal light field exhibits a
single intensity maximum at the end of the period, which
is built up at times when the permittivity is changing from
a higher to a lower value. This can be understood as the
wave gains energy from the modulated scatterer, which am-
plifies the intensity inside the target. Accordingly, the wave
avoids times at which the permittivity rises, which would
result in a deamplifying effect. In this way the wave field
maximizes the intensity built up inside the scatterer during the
period.

On the other hand, in Fig. 4(c) we show an eigen-
state to an eigenvalue close to zero, which only deposits
minimal intensity inside the target. In the one-dimensional
scenario discussed here, this is achieved by destructive in-
terference of the waves incoming from the left and right. In
a higher-dimensional setup this eigenstate can be expected
to constitute a light pulse that would completely avoid a
given target by propagating around it. It would be interest-
ing to explore how also other time-invariant schemes for
optimal focusing [72–75] can be generalized to the Floquet
regime.

Another useful task is to focus light not inside but at the
surface of a given object. In the one-dimensional setup we
consider here, this corresponds to focusing intensity at the
borders x = ±L/2 of the scatterer. As we demonstrate, this
task can be optimally achieved with a FWS matrix involving a
derivative with respect to the spatial extension L of the target
scatterer. The associated eigenvalues of QF,L are proportional
to the electric field at the edges of the scatterer as can be seen

by applying Eq. (16) again,

θF,L = 1

4

∫ T/2

−T/2

dt

T
|E (−L/2, t )|2[εs + δε cos(�t )]

+ 1

4

∫ T/2

−T/2

dt

T
|E (L/2, t )|2[εs + δε cos(�t )]. (20)

In Fig. 4(d) the light field corresponding to the largest eigen-
value θF,L is shown. Indeed, it exhibits a peak at the borders of
the scatterer. As stipulated by the time-dependent weighting
function in Eq. (20), the peak intensity occurs at times when
the weighting function is most positive during the middle of
the period.

Finally, we demonstrate the abilities of the FWS matrix
involving a derivative with respect to the position of the center
of the target x0. The spatiotemporal behavior of the eigenstates
of the matrix QF,x0 can be understood when making use of
Eq. (16), which reduces in the case of a target centered at the
origin to

θF,x0 = − 1

2

∫ T/2

−T/2

dt

T
|E (−L/2, t )|2[εs + δε cos(�t )]

+ 1

2

∫ T/2

−T/2

dt

T
|E (L/2, t )|2[εs + δε cos(�t )]. (21)

The eigenvalues θF,x0 of QF,x0 are proportional to the differ-
ence between the intensities at the two borders of the target,
weighted with the time-periodic modulation. If the electric
field appearing in the above relation is real and T periodic, the
right-hand side of Eq. (21) is proportional to the force exerted
onto the target by the light field, including both the scattering
and the gradient force [19,85]. A T -periodic electric field
can be realized by choosing the input field to have vanishing
quasienergy ω = 0. For an extension to complex electric fields
with ω �= 0, we refer the reader to Appendix D.

In Fig. 5(b) the eigenstate of QF,x0 corresponding to
the most positive eigenvalue is depicted for a state with
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FIG. 5. Optimally exerting force onto a target scatterer. (a) One period of the harmonic modulation protocol ε(t ) = 1 + εs + δε cos(�t )
of the target scatterer centered at the origin. (b) Intensity of the eigenstate corresponding to the largest eigenvalue of QF,x0 . This optimal
spatiotemporal state exhibits a focus on the right border of the target at times when the permittivity ε(t ) is high. This light field thus pulls the
target to the right. (c) Intensity of the eigenstate corresponding to the most negative eigenvalue. This wave field applies a force to the target,
pulling it to the left during times when the permittivity is high. (d) Intensity of an eigenstate associated with an eigenvalue close to zero exerting
nearly no force onto the target.

quasienergy ω = 0. A pronounced intensity peak is built up
at the right border of the object at times when the permittiv-
ity is high, while nearly no intensity is exhibited at the left
edge of the object resulting in a force pulling the target to
the right. Correspondingly, the eigenstate to the most negative
eigenvalue exhibits an intensity peak on the left border [see
Fig. 5(c)]. This wave field pulls the target to the left during
times when the permittivity is high. Finally, in Fig. 5(d) an
eigenstate corresponding to an eigenvalue close to zero is
shown. This wave field exhibits nearly no intensity at the
borders of the target during times when the permittivity is
high. We note that the color scale in Fig. 5 is normalized
to the individual wave field in each panel. Therefore, we
highlight that the intensity at the borders of the target at the
beginning and end of the period is approximately three times
smaller than the peak intensity at the respective borders in
Figs. 5(b) and 5(c). In this way the wave field corresponding
to an eigenvalue of QF,x0 exerts nearly no force onto the target
at all times. A way to reduce the applied force even further
is to use a superposition of eigenstates corresponding to two
eigenvalues with opposite sign but similar magnitude (not
explicitly shown here). A similar strategy has been employed
for time-harmonic waves in [19].

With the above we demonstrate that by exploiting the
scattering properties of a periodically modulated slab, we
are able to access the spatial and temporal degrees of free-
dom for a wave control technique based on the Floquet
Wigner-Smith matrix. The extremal eigenstates of this matrix
correspond to pulsed light fields that are optimally shaped
in their spatial and temporal degrees of freedom and accom-
plish specific micromanipulation tasks at the optimal level of
efficiency.

In this section we assumed a time-harmonic modulation of
the permittivity associated with the frequency �. This results
in eigenstates of the FWS matrix that are proportional to the
intensity times a weighting function having the same time-
harmonic variation as the permittivity itself (for α = δε, L). In

the next section we replace the time-harmonic variation of the
permittivity with a periodically repeating steplike modulation.
This allows us to adjust the temporal behavior of the optimal
wave fields even further, giving rise, e.g., to states that focus
inside the target during a customized time span of the period
or only at a very short moment in time.

B. Step modulation

We now study a setting in which the permittivity of the
target switches periodically in a steplike manner between two
values. Abrupt steplike changes of the permittivity have been
realized experimentally in the microwave regime [33] and
in the optical domain [34]. We model the modulation by a
dielectric function of the form

ε(x, t ) = 1 + [εs + δε�T (t, t1, t2)]�(L/2 − |x − x0|). (22)

The time-periodic function we use here, �T (t, t1, t2) =∑
n �(t − t1 − nT )�(t2 + nT − t ), implements the desired

switching process: At the beginning of the period, the tar-
get object has permittivity 1 + εs until at time t1 a jump to
higher permittivity 1 + εs + δε occurs. At time t2 the permit-
tivity switches back to its original lower value. This temporal
change in permittivity is repeated periodically [see Fig. 6(a)
for an illustration]. We can solve the scattering problem by
means of Floquet theory and derive the Floquet scattering
matrix following the discussion presented in Sec. II. Again,
the scatterer will be centered at the origin here, x0 = 0, while
for the other values of the parameters we refer the reader to
Appendix B. In the following, we demonstrate that a steplike
temporal modulation provides access to an even more detailed
spatiotemporal control of light fields with the FWS approach.

First, we show how to maximize the intensity inside the
target from time t1 to time t2 with the FWS matrix QF,δε , where
the derivative is taken with respect to the modulation strength
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FIG. 6. Optimal spatiotemporal focusing of light on a target scatterer. (a) One period of the steplike modulation protocol ε(t ) = 1 + εs +
δε�T (t, t1, t2) of the target object centered at the origin (t1/T = −0.35 and t2/T = 0.15). (b) Intensity of the eigenstate corresponding to
the largest eigenvalue of QF,δε . This light field exhibits a focus during times when the permittivity ε(t ) is high. (c) Intensity of the eigenstate
corresponding to the most negative eigenvalue of QF,t1 . This wave field builds up a strong focus at t = t1. (d) Intensity of the eigenstate
corresponding to the most positive eigenvalue of QF,t2 building up a strong focus at t = t2.

α = δε. By exploiting Eq. (16) we arrive at

θF,δε = 1

2

∫ t2

t1

dt

T

∫ L/2

−L/2
dx|E (x, t )|2. (23)

Note, in particular, that the time integration does not span the
full period T , but only times of high permittivity t1 < t < t2.
This means that the eigenstate to the largest eigenvalue of
QF,δε is a light pulse that maximizes the intensity inside the
scatterer during this time interval, as depicted in Fig. 6(b).

Furthermore, the FWS matrix is capable of finding states
that focus on the target at a single moment in time. More
specifically, either of the two jump times t1 or t2 can serve as
those specific moments in time when a pulse delivers its max-
imum focus onto the target. To emphasize this point in greater
detail, we choose α = t1 (α = t2) and, following Eq. (16), the
eigenvalues obey the relation

θF,t j = (−1) j δε

2T

∫ L/2

−L/2
dx|E (x, t j )|2, (24)

where j = {1, 2}. Note that the time integral completely dis-
appears here and the eigenvalues are proportional to the
intensity inside the scatterer at one instant of time t = t1 (t =
t2). Thus, to extremize the right-hand side of the above equa-
tion we expect the wave state corresponding to the extremal
eigenvalue (most negative for t1 and most positive for t2) to
build up a pronounced intensity maximum at this moment in
time. In Figs. 6(c) and 6(d) the intensity distribution of these
wave fields are plotted, having indeed the desired property of
focusing at t = t1 or t2. Additional FWS matrices with respect
to α = L, α = εs, and α = x0 are discussed in Appendix E.

Finally, we highlight that for static media several matrix-
based concepts for spatiotemporal shaping of light fields have
already been developed and applied successfully [18,88–91]
(see [7,92] for corresponding reviews). What distinguishes
the current FWS approach presented in this paper from these
earlier studies is the fact that it exploits the periodic time
variation of the target itself to shape the spatial and temporal

degrees of freedom of the light field. In this way it allows for
not only optimal spatiotemporal focusing on a time-varying
object but also for optimal micromanipulation of this object
(even if the object is located inside a complex environment).

IV. CONCLUSION

We have demonstrated that the Floquet scattering matrix
fulfills a pseudounitary relation as its central algebraic prop-
erty when expressed in a photon-flux normalized basis. This
feature is a consequence of the conservation of the wave
action (number of pseudophotons), for which we formulated
here a source-free continuity equation. The pseudounitarity
of the Floquet scattering matrix allowed us to generalize
static wave control techniques to periodically time-varying
scattering systems. In particular, we presented the Floquet
Wigner-Smith matrix, which provides a toolbox for the mi-
cromanipulation of small particles and paves the way for the
generation of tailor-made light fields for optimal interactions
with designated targets in both the spatial and the tempo-
ral domain. Ultimately, we expect the FWS matrix to serve
as a useful tool for accelerating, cooling, and manipulating
particles with light pulses operating at the optimal level of
efficiency.
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APPENDIX A: DERIVATION OF THE WAVE FIELD

We summarize the procedure of finding a scattering solu-
tion to the scalar wave equation with a time-periodic dielectric
function

∂2
x E (x, t ) − ∂2

t [ε(t )E (x, t )] = 0, (A1)
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which is Eq. (1) of the main text. We assume a time-periodic
permittivity function

ε(x, t ) = 1 + [εs + δεg(t )]�(L/2 − |x − x0|), (A2)

where we have g(t ) = g(t + T ) and therefore ε(x, t ) =
ε(x, t + T ) with T = 2π/�. For brevity, we set x0 = 0 here
and follow closely [45] for the derivation of the wave field.
First, we separate the scattering landscape into three regions:
the left and right (l and r) leads, which are the asymptotic
regions |x| > L/2 and the scattering region m such that

E (x, t ) =
⎧⎨
⎩

El (x, t ), x � −L/2
Em(x, t ), −L/2 < x < L/2
Er (x, t ), x � L/2.

(A3)

In the asymptotic regions |x| > L/2, we assume free space
and therefore Eq. (A1) reduces to

∂2
x Eσ (x, t ) − ∂2

t Eσ (x, t ) = 0, (A4)

where we introduced the lead index σ ∈ {l, r}. A super-
position of right- and left-propagating plane waves with
frequencies ωn = ω + n�, with n ∈ Z, and wave vector kl,n =
−kr,n = ωn is a solution to the wave equation. Therefore, we
get

Eσ (x, t ) =
∑
σ,n

Nσ,n
(
cin
σ,neikσ,nx + cout

l,n e−ikσ,nx
)
e−iωnt , (A5)

with constant coefficients cin
σ,n and cout

σ,n, as well as the nor-
malization constant Nσ,n. The assignment of input and output
coefficient holds true even for negative channels. This is be-
cause of the choice of the dispersion relation kl,n = −kr,n =
ωn. Thus, the propagation direction of a negative channel is
the same as for a corresponding positive channel since the sign
of the phase velocity v = ωn/kσ,n is independent of the sign
of n.

In the region −L/2 < x < L/2, i.e., inside the modulated
scatterer, the dielectric function is periodically time depen-
dent. A solution can be found by applying Floquet’s theorem,
which states that the wave field is of the form

Em(x, t ) = 
m(x)ξ (t )e−iωt , (A6)

with a periodic function ξ (t ) = ξ (t + T ) having the same
periodicity as the permittivity ε(t ) = ε(t + T ). This allows
for a Fourier decomposition as

ε(t ) =
∑

n

εne−in�t , (A7)

ξ (t ) =
∑

n

ξne−in�t . (A8)

For the spatial part of the wave field we choose a plane-wave
ansatz 
m(x) = αeiqx + βe−iqx with a wave vector q and con-
stant coefficients α and β. After a separation of variables, the
wave equation inside the scattering region [Eq. (A1)] reduces
to an eigenvalue problem of the form∑

n

�m,nξn = q2ξm, (A9)

where we defined �m,n = (ω + �m)2εm−n. We introduce the
band index p and allow for right- and left-propagating chan-

nels with wave vector qp. Finally, we arrive at

Em(x, t ) =
∑
n,p

Nn,p(αpeiqpx + βpe−iqpx )ξn,pe−iωnt . (A10)

We solve the scattering problem by expressing the outgo-
ing coefficients cout

σ,n in terms of the incoming coefficient cin
σ,n.

This is achieved by demanding continuity of the electric fields
and their first spatial derivative (which corresponds in our case
to the continuity of the associated magnetic fields) everywhere
and especially at the boundaries of the target at x = ±L/2 at
all times. This gives rise to four linear coupled equations

Nl,n
(
cin

l,ne−iknL/2 + cout
l,n eiknL/2

)
=

∑
p

Nn,p(αpe−iqpL/2 + βpeiqpL/2)ξn,p, (A11a)

Nl,nkn
(
cin

l,ne−iknL/2 − cout
l,n eiknL/2

)
=

∑
p

Nn,pqp(αpe−iqpL/2 − βpeiqpL/2)ξn,p, (A11b)

∑
p

Nn,p(αpeiqpL/2 + βpe−iqpL/2)ξn,p

= Nr,n
(
cin

r,neiknL/2 + cout
r,n e−iknL/2

)
, (A11c)∑

p

Nn,pqp(αpeiqpL/2 − βpe−iqpL/2)ξn,p

= Nr,nkn
(
cin

r,neiknL/2 − cout
r,n e−iknL/2

)
. (A11d)

Performing straightforward algebraic manipulations leads
to the solution of the scattering problem (for details we again
refer the reader to [45]). We cross-checked this analytical
treatment of the problem by performing independent numer-
ical simulations based on the finite-difference time domain
method (finding perfect agreement within the bounds of nu-
merical precision).

We use the same normalization for the asymptotic fields
and the field inside the scatterer throughout the paper. As
shown in the main text, the appropriate normalization for
Floquet scattering problems is the photon-flux normalization,
which is realized by the choice Nn,p = Nσ,n = √|ωn|.

APPENDIX B: TRUNCATION OF THE FLOQUET
SCATTERING MATRIX

In general, the Floquet scattering matrix is of infinite di-
mension as there are infinitely many Floquet channels n.
Clearly, for computational reasons one always has to trun-
cate to a finite dimension. For the modulated permittivity
ε(t ) in Eq. (A7) we use n ∈ [−18, 18] to model the steplike
modulation g(t ) = �T (t, t1, t2) sufficiently accurately. Still, a
finite number of Fourier channels implies that the switching
takes place in a short but finite time. Apparently, for the
harmonic modulation g(t ) = cos(�t ), only the n = ±1 terms
are nonzero.

We use n ∈ [−nin
max, nin

max] channels for the incoming part
of the Fourier expansion of the electric field in both leads
corresponding to the coefficients cin

σ,n [see, e.g., in Eqs. (A5)
and (A10)]. However, in order to account for the scattering
into n > nin

max outgoing channels, we introduce a different
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cutoff for the outgoing channels as nout
max � nin

max. This results
in 2nout

max + 1 outgoing coefficients in each lead associated with
the coefficients cout

σ,n. Therefore, the Floquet scattering matrix
SF has dimension 2(2nout

max + 1) × 2(2nin
max + 1). In the special

case of ω = 0 the Floquet scattering matrix has dimensions
4nout

max × 4nin
max as the mode n = 0 is not a propagating mode

and therefore is not considered within SF.
Specifically, we choose nout

max = 31 for all data in this pa-
per. We truncate nin

max such that the reflection or transmission
probability (whichever is larger) of the highest input mode
n = nin

max to the highest outgoing mode nout
max is less than 10−5.

Furthermore, we use εs = 1, δε = 0.3, and ω/� = 0.2 (if not
stated otherwise).

APPENDIX C: DERIVATION OF THE CONTINUITY
EQUATION AND FWS RELATION

Here we provide further details on the continuity equa-
tion (6), the pseudounitary relation of the Floquet scattering
matrix (10), and the FWS relation (16). To begin with, we
choose to work in the Coulomb gauge and therefore the vector
potential A can be introduced as E = −Ȧ [59], where the over-
dot represents a derivative with respect to time. This implies a
Fourier expansion in the leads of the form

Aσ (x, t ) =
∑

n

Nσ,n

iωn

(
cin
σ,neikσ,nx + cout

σ,ne−ikσ,nx
)
e−iωnt . (C1)

The vector potential satisfies the wave equation

∂2
x A − ∂t (εȦ) = 0. (C2)

Furthermore, it is useful to define a generalized density con-
sisting of two fields A1 and A2 as

q(A1, A2) = A∗
1ε2Ȧ2 − A2ε1Ȧ∗

1. (C3)

Here A1 and A2 are solutions of Eq. (C2) corresponding to
time-periodic permittivities ε1(t ) and ε2(t ). As we show in the
following, this generalized density gives rise to a generalized
continuity equation. Specifically, taking the derivative with
respect to time and using Eq. (C2) results in

q̇(A1, A2) = A∗
1∂t (ε2Ȧ2)∂t (ε1Ȧ∗

1 ) − A2∂t (ε1Ȧ∗
1 )∂t (ε1Ȧ∗

1 )

+ Ȧ∗
1ε2Ȧ2 − Ȧ2ε1Ȧ∗

1

= ∂x(A∗
1∂xA2 − A2∂xA∗

1 )

+ Ȧ∗
1ε2Ȧ2 − Ȧ2ε1Ȧ∗

1. (C4)

We identify the terms on the right-hand side as a generalized
flux density j(A1, A2) and a source term η(A1, A2) as

j(A1, A2) = A2∂xA∗
1 − A∗

1∂xA2, (C5)

η(A1, A2) = Ȧ∗
1ε2Ȧ2 − Ȧ2ε1Ȧ∗

1. (C6)

Rewriting Eq. (C4) in the form of a generalized continuity
equation yields

∂t q(A1, A2) + ∂x j(A1, A2) = η(A1, A2). (C7)

1. Continuity equation and pseudounitarity

To arrive at a proper continuity equation, which is Eq. (10)
of the main text, we choose ε1 = ε2 = ε and A1 = A2 = A.

Thus, Eq. (C7) reduces to

∂t q(A, A) + ∂x j(A, A) = 0, (C8)

since the source term vanishes in this case, i.e., η(A, A) = 0.
The density and flux reduce to the form used in the main text

q(A, A) = A∗εȦ − AεȦ∗, (C9)

j(A, A) = A∂xA∗ − A∗∂xA. (C10)

From this continuity equation we can now derive the pseu-
dounitarity of the Floquet scattering matrix. We start by
integrating Eq. (C8) over a temporal period and the spatial
extension of the scatterer (x0 = 0). We observe that∫ T/2

−T/2

dt

T

∫ L/2

−L/2
dx ∂t q(A, A) = 1

T

∫ L/2

−L/2
dx q(A, A)

∣∣∣∣
T/2

−T/2

= 0,

(C11)
due to the periodicity of q(A, A). Therefore, we are left with∫ T/2

−T/2

dt

T

∫ L/2

−L/2
dx ∂x j(A, A) =

∫ T/2

−T/2

dt

T
j(A, A)

∣∣∣∣
L/2

−L/2

= 0.

(C12)
By making use of the Fourier expansion of the field [Eq. (C1)]
we see that

0 =
∫ T/2

−T/2

dt

T
j(A, A)

∣∣∣∣
L/2

−L/2

=2
∑

n

|Nr,n|2
ω2

n

(−ikr,n)
(∣∣cin

r,n

∣∣2 − ∣∣cout
r,n

∣∣2)

−2
∑

n

|Nl,n|2
ω2

n

(−ikl,n)
(∣∣cin

l,n

∣∣2 − ∣∣cout
l,n

∣∣2)

=2i
∑
σ,n

|Nσ,n|2
ωn

(∣∣cin
σ,n

∣∣2 − ∣∣cout
σ,n

∣∣2)
. (C13)

In the last line we used that kl,n = −kr,n = ωn. This is Eq. (9)
of the main text.

2. FWS relation

To derive the connection between the eigenvalues of the
FWS matrix and the near field of the target scatterer [Eq. (16)],
we again make use of Eq. (C7). Now we set ε1 = ε and
ε2 = ε + �α∂αε + O(�α2) and therefore A1 = A and A2 =
A + �α∂αA + O(�α2). Here we introduce the parameter α,
on which the scattering landscape may depend parametrically.
To first order in �α, Eq. (C7) reads

∂t q
(1) + ∂x j (1) = η(1), (C14)

where we have

q(1) = A∗(∂αε)Ȧ + A∗ε∂αȦ − (∂αA)εȦ, (C15)

j (1) = (∂αA)∂xA∗ − A∗∂x∂αA, (C16)

η(1) = |E |2∂αε. (C17)

Now we integrate Eq. (C14) over a temporal period and the
spatial extension of the scatterer (x0 = 0). Also, here we use
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the periodicity of q(1) to arrive at∫ T/2

−T/2

dt

T
j (1)

∣∣∣∣
L/2

−L/2

=
∫ T/2

−T/2

dt

T

∫ L/2

−L/2
dx η(1). (C18)

After inserting the Fourier expansion of the vector field,
Eq. (C1) with a photon-flux normalization, and some straight-
forward algebraic manipulations (note that only cout depends
on α) we end up with

−2i
∑
σ,n

sgn(ωn)
(
cout
σ,n

)∗
∂αcout

σ,n =
∫ T/2

−T/2

dt

T

∫ L/2

−L/2
dx|E |2∂αε.

(C19)

Finally, we can rewrite the above equation in a matrix form.
We use SFcin = cout and introduce the matrix V defined in the
main text, which leads to

(cin )†(−iS†
FV ∂αSF)cin = 1

2

∫ T/2

−T/2

dt

T

∫ L/2

−L/2
dx|E |2∂αε.

(C20)
This is Eq. (16) of the main text.

APPENDIX D: REAL FIELDS

In the main text we considered the general case of
complex-valued electric fields E (x, t ) and vector potentials
A(x, t ). The physical fields are however given by the corre-
sponding real-valued fields. This section serves the purpose
of a double-check, ensuring the Floquet scattering theory pre-
sented in the main text covers physical (real) fields as well.

We start by considering the special case of ω = 0. Here a
real electric field is simply implemented by demanding that
the coefficients obey(

cin (out)
σ,n

)∗ = cin (out)
σ,−n . (D1)

We again note here that for ω = 0 the channel n = 0 is not
considered in the Floquet scattering matrix, since it does not
represent a propagating electric-field channel.

We proceed with the case ω = �/2. Similarly, here a real
field is realized by requiring(

cin (out)
σ,n

)∗ = cin (out)
σ,−n−1. (D2)

In both cases, Eq. (16) is applicable such that the results for
complex electric fields can be one-to-one transferred to real
fields.

For the general case of 0 � ω < � (but ω �= 0 or �/2)
we observe that, given a complex field A, the physical field
can be extracted as Ap = Re(A) = (A + A∗)/2. Therefore, the
physical field Ap is an equal superposition of two complex
fields A and G = A∗. However, we note that both fields are
associated with different quasifrequencies ωA = ω and ωG =
� − ω such that their expansion inside the leads read

Aσ (x, t ) =
∑

n

N A
σ,n

iωA
n

(
cin
σ,neikA

σ,nx + cout
σ,ne−ikA

σ,nx
)
e−iωA

n t , (D3)

Gσ (x, t ) =
∑

n

NG
σ,n

iωG
n

(
gin

σ,neikG
σ,nx + gout

σ,ne−ikG
σ,nx

)
e−iωG

n t . (D4)

FIG. 7. Schematic representation of the construction of the phys-
ical solution Ap = Re(A) from the complex field A. The coefficients
cin (out)
σ,n (green) are associated with the field A with quasifrequency

ωA. The coefficients gin (out)
σ,n (red) correspond to the complex-

conjugate field G = A∗ with quasifrequency ωG. The physical field
Ap is described as a part of a larger complex field with vanishing
quasifrequency and period T̃ = 2π/�̃. The expansion coefficients of
Ap are c̃in (out)

σ,m (blue), which we choose according to Eq. (D7). Only
those coefficients that have a counterpart in A or G are nonzero (blue
solid line), while the other ones are zero (blue dashed line). Here we
choose r = 2 and s = 5.

Since both field are complex conjugate to each other we have
the connection (

gin (out)
σ,n

)∗ = cin (out)
σ,−(n+1). (D5)

The idea here is to embed the physical solution Ap into a field
hosting a denser set of channel coefficients in frequency space
compared to A and G. Specifically, we construct this field in
such a way that it contains the coefficients of both fields A and
G as depicted in Fig. 7. We assume that the quasifrequency ωA

and the oscillation frequency � are commensurable such that
there exists an �̃ for which ωA = r�̃ and � = s�̃ hold with
r, s ∈ N. Since incommensurable frequencies can be approx-
imated to arbitrary precision by commensurable ones, this
assumption holds true for all practical purposes. The field Ap

is now constructed such that it has a vanishing quasifrequency
and a period T̃ = 2π/�̃. This new field is then larger in the
sense that the associated frequency �̃ is smaller than � and
thus hosts a denser set of channels for a given frequency range.
The channel expansion of the field Ap reads

Ap =
∑
σ,m

Nσ,m

im�̃

(
c̃in
σ,meik̃σ,mx + c̃out

σ,me−ik̃σ,mx
)
e−im�̃t , (D6)

where accordingly k̃l,m = −k̃r,m = m�̃. For the channel coef-
ficients of the physical field Ap we demand that (cf. Fig. 7)

c̃in (out)
m =

⎧⎪⎨
⎪⎩

1
2 cin (out)

n for m = r + ns
1
2 gin (out)

n for m = s − r + ns

0 otherwise.

(D7)

The time-periodic dielectric function only couples channels
with frequency differences of n�. Hence, we can treat the
incoming and outgoing coefficients of the A and G fields
independently. Using Eq. (C14) with an extended integration
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FIG. 8. Focusing light inside and at the borders of a target scatterer. (a) Steplike modulation protocol ε(t ) = 1 + εs + δε�T (t, t1, t2) of
the target scatterer centered at the origin plotted for one period (t1/T = −0.35 and t2/T = 0.15). (b) Intensity of the eigenstate corresponding
to the most positive eigenvalue of QF,εs . This wave field maximizes the intensity built up inside the scatterer during the entire period T .
(c) Intensity of an eigenstate to an eigenvalue close to zero of QF,εs having minimal intensity inside the target at all times. (d) Intensity of the
eigenstate corresponding to the largest eigenvalue of QF,L . This light field exhibits several foci at the borders of the scatterer during times when
the permittivity ε(t ) is high.

range [−T̃ /2, T̃ /2] according to the periodicity of the field Ap

and using a photon-flux normalization Nσ,m =
√

|m�̃|, we get

−2i
∑
σ,m

sgn(m)
(
c̃out
σ,m

)∗
∂α c̃out

σ,m =
∫ T̃ /2

−T̃ /2

dt

T̃

∫
dx|Ep|2∂αε,

(D8)

where Ep = −∂t Ap. Furthermore, we make use of Eq. (D5)
and are left with

− 2i
∑
σ,m

sgn(m)
(
c̃out
σ,m

)∗
∂α c̃out

σ,m

= − i

2

∑
σ,n

sgn
(
ωA

n

)(
cout
σ,n

)∗
∂αcout

σ,n

− i

2

∑
σ,n

sgn
(
ωG

n

)(
gout

σ,n

)∗
∂αgout

σ,n

= − i

2

∑
σ,n

sgn
(
ωA

n

)(
cout
σ,n

)∗
∂αcout

σ,n

+ i

2

∑
σ,n

sgn
(
ωA

n

)
cout
σ,n∂α

(
cout
σ,n

)∗

= (cin )†(−iS†
FV ∂αSF)cin, (D9)

where in the last line we used the Hermiticity of the FWS
matrix. Altogether, we arrive at

(cin )†(−iS†
FV ∂αSF)cin =

∫ T̃ /2

−T̃ /2

dt

T̃

∫
dx E2

p ∂αε, (D10)

which states the connection between the FWS operator and
the corresponding real electric field. This equation tells us that
the eigenvalue of the FWS matrix is connected to the physical
field in the same way as the complex field [cf. Eq. (16)]
with, apart from a factor 1

2 , the essential difference that the
temporal integration range is extended from T to T̃ = sT .

APPENDIX E: FURTHER FWS MATRICES
FOR STEPLIKE MODULATION

Here we discuss the spatiotemporal behavior of eigenstates
of the FWS operator involving a derivative with respect to the
static part of the permittivity (α = εs), the length of the scat-
terer (α = L), and the central position (α = x0) for a steplike
change of the refractive index [cf. Figs. 8(a) and 9(a)]. Starting
with the FWS matrix QF,εs , its eigenvalues θF,εs are connected
to the near field of the scatterer centered at the origin as

θF,εs = 1

2

∫ T/2

−T/2

dt

T

∫ L/2

−L/2
dx|E (x, t )|2. (E1)

The eigenstate corresponding to the most positive eigenvalue
of QF,εs is depicted in Fig. 8(b). Similar to the case of a
harmonic time modulation [cf. Fig. 4(b)], the intensity of the
wave field inside the scatterer is maximized by exhibiting
a focus while the jump from high to low permittivity takes
place. In Fig. 8(c) an eigenstate of an eigenvalue close to zero
is shown. This light field only has minimal intensity inside the
scatterer because of destructive interference.

On the other hand, the eigenvalues θF,L of the FWS matrix
QF,L corresponding to the length L of the scatterer are pro-
portional to the intensity of the light field at the edges of the
scatterer,

θF,L = 1

4

∫ T/2

−T/2

dt

T
|E (−L/2, t )|2[εs + δε�T (t, t1, t2)]

+ 1

4

∫ T/2

−T/2

dt

T
|E (L/2, t )|2[εs + δε�T (t, t1, t2)].

(E2)

In Fig. 8(b) the eigenstate corresponding to the largest eigen-
value of QF,L is depicted. Clearly, pronounced intensity
maxima are built up at the edges of the scatterer predomi-
nantly during times when the permittivity is high.
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FIG. 9. Optimally exerting force onto a target scatterer. (a) One period of the steplike modulation protocol ε(t ) = 1 + εs + δε�T (t, t1, t2)
of the target object centered at the origin (t1/T = −0.35 and t2/T = 0.15). (b) Intensity of the eigenstate corresponding to the largest eigenvalue
of QF,x0 . This optimal spatiotemporal state exhibits several foci on the right border of the target at times when the permittivity ε(t ) is high.
This light field thus pulls the target to the right. (c) Intensity of the eigenstate corresponding to the most negative eigenvalue. This wave field
applies a force to the target, pulling it to the left during times when the permittivity is high. (d) Intensity of an eigenstate associated with an
eigenvalue close to zero exerting nearly no force onto the target.

Finally, the eigenvalues of the FWS matrix QF,x0 involving
a derivative with respect to the position of the center of the
target x0 are related to the near field of the scatterer centered
at the origin as

θF,x0 = −
∫ T/2

−T/2

dt

2T
|E (−L/2, t )|2[εs + δε�T (t, t1, t2)]

+
∫ T/2

−T/2

dt

2T
|E (L/2, t )|2[εs + δε�T (t, t1, t2)]. (E3)

In Fig. 9(b) the eigenstate corresponding to the most positive
eigenvalue θF,x0 is depicted. This light field pulls the target
scatterer to the right at times when the permittivity is high by
exhibiting several intensity maxima at the right border of the
target. Correspondingly, the eigenstate to the most negative
eigenvalue applies a pulling force to left [see Fig. 9(c)]. An
eigenstate to an eigenvalue close to zero applies nearly no
force onto the target by exhibiting intensity maxima simulta-
neously on both borders of the target [see Fig. 9(d)]. We note
that we choose ω = 0 for all wave fields in Fig. 9.
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